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1. Introduction

Given two additive abelian groups, M and T, if the following requirements hold for all a,b,c € M and a ,f €T,
then M is said to be I' — ring
l.acb e M

2. aa(b + c¢) = aab + aac, a(a+ B)b =aab + afb, (a+ b)ac = aac + bac
3. (aab)Bc = aa(bpc)

N. Nobusawa 1964 [1] proposed the concept of I'-ring for the first time, and W.E. Barnes 1966 [2]expanded on it
as stated in the definition above. All rings are known to be I'-ring. According to S. Kyuno in [3], M is referred to be
prime if alMI'b=(0) implies that a=0 or b=0, and its called semiprime if al’MI'a=(0) implies that a=0 for each
a,beM, M is named if n-torsion free if na =0 for all aeM means that a=0 where n is positive integer. A derivation of
F.J. Jing on T"-ring is defined in [4]. A generalized derivation on M is defined by Y. Ceven and M.A. Ozturk in [5].
A Jordan derivation on M is defined by M. Sapanci and A. Nakajima in [6]. A symmetric bi-derivation on M is
introduced to M.A. Ozturk in [7]. The idea presented in [8] by regarding a reverse derivation on M. A higher bi-
derivation is defined by S.M. Salih and A.M. Marir in [9].

S. M. Salih and A. M. Marir introduced the ideas of generalized higher bi-derivation ,Jordan generalized higher bi-
derivation and Jordan triple generalized higher bi-derivation on M in [10]. In [11], a generalized symmetric higher
bi-derivation on M is defined by S. J. Shaker.
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In this research, we demonstrate that, for our concepts of a generalized higher symmetric reverse bi-derivations,
Jordan generalized higher symmetric reverse bi-derivations and Jordan generalized higher symmetric triple reverse
bi-derivations on a prim I' —rings M.2.

2. Generalized Higher Symmetric Reverse Bi-Derivations on Prime I'-Rings

This section will provide an overview of the concept of generalized higher symmetric reverse bi-
derivations as well as various inductance-related lemmas that will aid in the proof of several theorems.

Definition 2.1

Let D = (D;);en as a family of symmetric bi-additive mappings within a prime I'-rings M X M into M,
then D is known to as generalized higher symmetric reverse bi-derivations on M if there exists d =
(dy)ien higher symmetric reverse bi-derivations on MxM into M, then for all w,v,4 € M, a€ I and n
eN

D,(wov,t) = Z Di(v, £)ad;(w, t)

i+j=n
Example 2.2
M is aI'-ring if it is a ring of all 2x2 matrices of integer values with M:{(;{)f 8) ;W € Z} and
= {(g 8) ;0 € Z}. Let DMXM— M be a symmetric bi-additive mappings of M with

D, <(£y 8)(2 8)) = ((n33£mr g) for everyone (Sr 8)(3 8) € M and neN. Then there

exist a higher symmetric reverse bi-derivations defined as follows: let d,: M X M — M be a symmetric

bi-additive mappings of a I'-ring M such that d, <(¢?f 8)(3 8)) = ((n+2)w4f 8) for all

( 0 O) , (O 0) € M and n € N. Therefore D,, is a generalized higher symmetric reverse bi-derivations
w 0/"\v 0

on M.

Example 2.3

Assume that M = {[Af 44:] w,v,t,7 €Z} and T ={();a €Z}. M is therefore TI-ring. Let

G = (Gj)ien represent a family of generalized higher symmetric reverse bi-derivations on M. Then,
d = (d;)ien Of M is a higher symmetric reverse bi-derivations. If we define D = (D;);en be a family of
symmetric bi-additive mappings of M X M into M where

w vl e f w v e f
D“([t r ’[g hD:(d“([t ”r“]) d“([g h]))
Consider a family of symmetric bi-additive mappings from MxM into M, F = (F;);ey denoted by

(e T a)=@d? D e wl)

Hence F represents generalized higher symmetric reverse bi-derivations on M.

Definition 2.4

Considering a prime I'-ring M with a family of symmetric bi-additive maps D = (D;);eny from M X M
into M, D is referred to as Jordan generalized higher symmetric reverse bi-derivations, if there exists
d = (d;);en Jordan higher symmetric reverse bi-derivations on M, such that for all w,# € M, a € T and
neN
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D, (wow,t) = Z D;(w, t)ad;(w, 1)

i+j=n

Example 2.5

Given a I'-ring M and a € M, let wTalww=(0) V v € M and al'a=(0). Let d be a set of symmetric
bi-additive maps from MxM into M with d, (w, v)= nwaa + aaw for each of w,v» € Mand a € T
and for each n € N. Assume that B = (B;);en IS @ set of symmetric bi-additive mappings of M where,
with any n € N, B, (w,v) =nwaa for all w,v,a€ M and a € . B is a Jordan generalized higher
symmetric reverse bi-derivations on M, but it is not a generalized higher symmetric reverse bi-derivations
on M.

Definition 2.6
Assume that D = (D;);en IS @ set of symmetric bi-additive mappings from a prime I'-ring MxM into
M. In this case, D is referred to as a Jordan generalized higher symmetric triple reverse bi-derivations on
M, if there exists a Jordan higher symmetric triple reverse bi-derivations d = (d;);ey from MxM into M,
where, for every w, v, 7 € M, a, € " and neEN then
D, (wavBuw,r) = Z Dj(w, ) ad;(v, 7)B dx(w, 7)

i+j+k=n

Example 2.7
We know that D, and F,, both Jordan generalized higher symmetric triple reverse bi-derivations on M
from Examples (2.2) and (2.3).

Lemma 2.8

For any of them w, v, 4,7 € Mand o, € T, if D = (D;);en IS @ family of Jordan generalized higher
symmetric reverse bi-derivations on a I'-ring MxM into M, then for all «w, v, %, € M and «, 8 € T, then
the following is hold.

() D, (wov + vow,t) = z Di(v, t)adj(w, ) + Dj(w, t)ad;(v, 1)
i+j=n

(ii) Dy (wav Bt + toavBw, 7)
_ Z D; (£, 7)Bd; (v, ) ady (wr, ) + Dy(wr, 7)Bd; (v, ) ady (£, )

i+j+k=n
(iii) Consider M to be a commutative 2-torsion free I'-ring, then
D, (woavBt,r) = Zi+j+k=n D;(%, ’V’)O(dj (v, 7)Bdy (w, )

Proof (i)
In definition (2.4), substitute « for w + 1, we get

D,((w + v)a(w +v), %) = Z Dj(w + v, t)adj(w + v, %)

i+j=n
= Yitj=n(Di(w, ) + Di(v, ) a(d(w, £) + dj(v, 1))
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=Yi+j=n D;(w, 1) ad; (w, t) + Dy(w, )ad;(v, 1) + Di(v, £)adj(w, £)+D; (v, £)ad;(v, %) (D
Furthermore,

Dy((w + v)a(w + 1), %) = Dy(wow + wov + vow + vav, t)
= D,(wow + vav,t) + D, (wav + vow, t)
= D,(wow,t) + D,(vav,t) + Dy(wor + vaw, 1)

= Yi+j=n Di(w, t)adj(w, ) + Dj(v,t)adj(v, ) + Dy(wav +vow,t) (2)

When we compare (1) and (2), we obtain

D, (wov + vow,t) = z D;(v, t)adj(w, t) + Di(w,¥)ad;(v, 1)
i+j=n
Prooe (ii)
When we change w in definition (2.6) to «w + «, we obtain
Dy ((w + t)avBlw + 1), 7)
= Z Di(w + £,7)ad; (v, ) Bdic(w + £, )
i+j+k=n
= z (Di(w, ) + Di (£, 7)) ad; (v, ) B(dy (e, ) + di (£, 7))
i+j+k=n

=Yi+j+k=n Di(w, r)ad;(v, v)Bdy (w, ) + Dj(w, r)ad; (v, 7)Bd (£, 7) +
D; (%, r)ad;(v, r)Bdx (w, 7) + D (£, r)ad; (v, ) Bdy (£, 7) 3)
Furthermore,
D,((w + t)avB(w + 1), r) = D,(woavBw + wavt + tavBw + toavft, r)
= D, (wovBw + tovpt, ) + Dy (wavpt + toavBur, r)
=Yi+j+k=n Di(w, r)ad; (v, ) Bdy (w, 7) + D;(£, r)ad;(v, 7)Bdy (£, 7) + Dy (wavBt +
toavBw,r) (4)
When we compare (3) and (4), we obtain the needed result.
Proof (iii)
By ii and since woawvt = tavBw for everyone w,v,4 € Mand a, 3 € T, we get
D, Quwoavpt,r) =2 Z D;(t, r)ad;(v, r)Bdy(w, )

i+j+k=n
By M is 2-torsion free I' —ring then
D, (wovft,r) = Z D;(t, r)d;(v, ) Bdy (wr, 1)

i+j+k=n

Remark 2.9
Given a prime I'-ring M and D = (D;);en as the Jordan generalized higher symmetric reverse bi-
derivations on M, for each n €N, w, 1,4 € M and a € T, we make clear

uy(w, v, %), = Dp(wow, t) — z D (v, ) ad;(w, 1)

i+j=n

85



Jafar Salih Aneed. et. al, mspAs, Vol. 3, No. 1, 2025

Lemma 2.10

Let D = (Dj);en be Jordan generalized higher symmetric reverse bi-derivation on a I' —ring M, for
every n N, w,v,4 € Mand a € T then
(l)un(wr v, t)oc = - P—n(’v’; w, t)ot
(i) pp((w + ), £, 7)o = (W, £, 7)o + (v, £, 1)
(iii) pp (wr, (v + 2), 7)o = n (w0, ¥, 7)o + P (W, £, 7))
Proof (i)

As d is a symmetric bi-additive mapping on M according to lemma (2.8) (i), it follows that
D, (wov + vow,t) = Z Di(v, t)ad;(w, t) + Dj(w, £)ad;(v, £)

i+j=n
D,(wov,t) + D,(vaw,t) = z Di(v, t)adj(w, ) + z D;(w, ) ad;(v, 1)
i+j=n +j=n

D,(wow,t) — Z D;(v, t)adj(w, t) = =Dy (vow, t) + Z Di(w, t)ad;(v, )

i+j=n i+j=n
Dy (waw,t) = Y Dy, o (aw, £) = ~(Dp(wroaws, £) = Y Dy, D)o (v,0))
i+j=n i+j=n
Hp(w, v, 8)q = — Wn(v, w, t)q
Proof (ii)
Up((wr + ), 4, 7)o = Dn((w + /Lr)at,/r) - Z D;(t, r)adj(w + v, r)
i+j=n

=Dy (wat + vat,r) — (Xi+j=n Di(£, ) adj(w, ) + D;(£, r)ad;(v, r)

Since D,, is bi-additive mapping on M, we get

un((w + v), a, £),7) = Dy(wat, ) — Yiyien Di (£, 7) ad;(w, )+ Dy (vat, r) —
Yi+j=n Di(£, ) ad; (v, 7)

= n (W, 4, 7)o + Hn (1, 4,7 )

Proof (iii)
In the same way as proof (ii)

Theorem 2.11
Every Jordan generalized higher symmetric reverse bi-derivation on a I' —ring M is generalized higher
symmetric reverse bi-derivation on M.
Proof
Let D = (D;);en be a family of Jordan generalized higher symmetric reverse bi-derivations on M.
By lemma (2.8) (i) we have

D,(woav + vaw,t) = Z D;(v, t)adj(w, t) + Di(w, t)ad;(v, 1)
i+j=n

= Yi+j=n Di(v, t)ad;(w, £) + Xitj=n Di(w, ) ad;(v, 1) (5)
Furthermore,

Given that D, is bi-additive mapping
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D,(wov +vow,t) = Dy(wov,t) + D, (vow, 1)
= D,(wov, 1) + Z Di(w, t)adj(v, %)  (6)
i+j=n
When we compare equations (5) and (6), we obtain
D,(wowv,t) = z Di(v, t)ad;(w, 1)
i+j=n

Then D is generalized higher symmetric reverse bi-derivation on M.

Proposition 2.12

Every Jordan generalized higher symmetric reverse bi-derivations of 2-torsion free T' —ring M is
Jordan generalized higher symmetric triple reverse bi-derivations on M such that woavBw = wBvaw
for every w,v € Mand «, 3 €I.
Proof

Let D = (Dj);en be Jordan generalized higher symmetric reverse bi-derivations of M.
From lemma 2.8 (i) replacing v by wpv + vBw we get

D(wa(wBvr +vBw )+ (wpv + vBw )aw,t)
= D, (wa(wpBvr) + wa(vBw ) + (whvr)aw + (vpw ow, 1)
= D, ((wow)Bv) + (wav)pw ) + (whv)oaw + (vBw )ow,t)
= Dy ((waw)Brv, t) + Dy((wav)pw,t) + Dp(whv)aw, t) + Dy((vBw )aw,t)
= ) Dy, )pd(wear,£) + Dy, Ofdi(war,£) + Dy, Hadi(wper )
i+j=n
+ Di(w, t)adj(vBw , 1)
- z Di(v, £)Bd;(w , £)ady (wr, £) + D;(wwr, £)Bd; (v, ) (w0, £)
i+j+k=n
+ Di(w, £)ad;(v , £)Bdx (w, £) + Dj(w, £)ad;(w , £)Bdy (v, 1))
=Xi+j+k=n Di(v, £)Bdj(w , H)ady(w, ) + Yitj+k=n Di(w, £)Bdj(v , ) ady(w, ) +
Yitj+k=n Di(w, £)adj(v , £)Bdy(w, £) + Xitj+x=n Di(w, £)ad;(w , £)Bdy (v, £)
=Yi+j+k=n Di(v, £)Bdj(w , )ady(w, t) + 2 Xiyjrk=n Di(w, t)ad;(v, £)Bdy(w, 1) +
Yitj+k=n Di(w, £)adj(w , £)Bdy (v, ) (7)
Furthermore,
D,(wa(wBv +vBw )+ (wBvr + vBw ow,t)
= D, (wowBv + wovrPw + whraw + vpwaw, 1)
= D,(wowBv, £) + D, (wovBw,t) + D, (wBvaw, t) + D, (vBwoaw, £)
= 2D, (wovBw, t) + D, (wawBv, t) + D, (vBwow, 1)
= 2D (wavBw, £) + Yisjsk=n Di(v, ) Bdj(wr, £)ady (w, £)+
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Yit+j+k=n Di(w, £)adj(w, £)Bdy (v, 1) 3
When we compare equations (7), (8) and wovBw = wvaw we obtain

2D (wawBuw, £) — 2 Lijeicen Di(w, £)ady (v, £) By (wr, £) = 0

2(Dy(wovrBw,t) — Xiyjrk=n Di(w, )ad;(v, £)Bdy (w, £)) = 0

M is 2-torsion free I' —ring, we obtain

Do (wowBuer, £) = Tipjuken Di (w0, )ad; (v, £)Bdyc (107, £) = 0

Dy (wowBuw, £) = Tiyjicen Di(w, £)od; (v, £) B (wr, £)

Then D is Jordan generalized higher symmetric triple reverse bi-derivation on M.

Corollary 2.13
Every generalized higher symmetric reverse bi-derivation of 2 —torsion free I' —ring M is Jordan
generalized higher symmetric triple reverse bi-derivation on M.
Proof
Let D = (D;);en be generalized higher symmetric reverse bi-derivations on M.

This implies that D = (D;);en be Jordan generalized higher symmetric reverse bi-derivation on M.
By Proposition 2.12, we get D = (D;)ieny be Jordan generalized higher symmetric triple reverse bi-
derivations on M
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