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1. Introduction

Because of its wide applications in simulating diverse physical processes in engineering and research, fractional
calculus is employed in many fields of mathematics. The idea of fractional calculus stems from the fact D*(f(x)), where
alpha is a noninteger. Later on, experts like Riemann-Liouville, Euler, Leibniz, L'Hospital, Bernoulli, and Wallis dedicated
their attention to this field. Fractional calculus has many applications in several fields of research. For example, viscoelastic
material of dynamics ,electromagnetism [1],[2] fluid mechanics [3], spherical flame propagation [4], and viscoelastic
materials[5]. DEs (Differential Equations) are employed in real life to create a variety of health ailments. Some of these
differential equations are more complicated and cannot be described by using basic Differential equations methods. The
researchers employed a novel fractional differential equations approach to solve these complicated issues. In the
mathematical modeling of real-world physical problems, FDEs have been widespread due to their numerous applications in
engineering and real-life science problems [6],[7],[8],[6][9] such as economics [10], solid mechanics [11], continuum and
statistical mechanics [12], oscillation of earthquakes [13],algebraic [14],network [15] ,dynamics of interfaces between soft-
nanoparticles and rough substrates [16], fluid dynamic traffic model [17], colored noise [18], anomalous transport [19], and
bioengineering[5],[20]. (delay differential equations (DDES) have several applications in engineering. The delay
differential equation simplifies the ordinary differential equation, Which is data-dependent, and applies to physical systems.
Researchers now pay more attention to FDDESs than DEs since a small delay has a huge effect.

Numerous articles have been dedicated to the study of the numerical solution of FDDEs in this respect. FDDs are
commonly used in mathematical modeling such as population[21],[22],[23]. Dynamics, epidemiology, immunology,
physiology, and neural networks in the brain are every field of study. There is no specific approach in the literature for
obtaining an accurate or analytical solution for every FDDE; the researcher aims to find the numerical solution of FDDEs.
Various approaches for numerically addressing these issues have been implemented. Among these approaches are the new
predictor-corrector method (NPCM) [24], A domain decomposition method (ADM) [25], and others. Legendre pseudo-
spectral method (LSM) [26], kernel method (KM) [27], LMS method (LMSM)[28], extended predictor-corrector method
(EPCM)[29], For the analytical and numerical solution of FDDEs, the homotopy perturbation method (HPM) [30], Runge-
Kutta-type methods (RKM) [3], Bernoulli wavelet method (BWM)[31], and the modified Laguerre wavelet method[32] ,
have been utilized. Composite (CK) expanded in this paper for the solution of FDDEs. (e findings obtained are compared
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with other approaches, demonstrating that CPM has a higher convergence rate than other methods. We concentrate on the
form of FDDE.

The structure of the paper is Organized as follows. Section 2 introduces some essential fractional calculus definitions and
mathematical procedures that will come into use later in our study. Section 3 obtains existence, uniqueness, and stability
theorems. Section 4 illustrative examples of numerical findings that help to understand the process.

We use the steps technique and the extended Gronwall inequality in this paper to develop a sufficient condition for the
finite-time stability of nonlinear fractional-order delay System of the form.
D (A x(®)) = Biy Apx(0) + Bx(t ) + f (&, "D x(t 1), x(t = ) g (& LD x(0), x(0))
+Bu(t), t €[0.T]
x(t) = fgtf(S)dS. t € [-7,0]
11
Where €D denotes the Caputo —Katugampola Fractional Derivatives of order a, u > 0 R&D/* denotes the Riemann—
Katugampola derivative of order « > 0 ,,u > 0 and x(.) € R™ for t€ [—oo,T], where 0 < a < b < oo , RKD™* denotes
the Riemann —Katugampola Fractional derivative of order 0 < a < 1, be a positive value . f(.,.,.):[0.T] X R® X R™ -

R™ | By IS @ control matrix and w(t): [0,T] - R™ is a control function. Finely the function x(t) is a nonlocal function
defined on [—7, 0], T € (—, 0).

2. Preliminaries
This section discusses certain definitions and lemmas that related to fractional calculus.
Definition (2.1),[33]:

Let « > 0, u > 0,the set of functions defined on the interval [a,b] that have a Lebesgue integral these
functions may not be continuous or even limited, but they must meet certain integrability constraints in
order to have a Lebesgue integral( x € L([a, b]),R), 0 < a < b < o .)The left and right R-K FDs
of order « is defined by

,u
RK ) @H _ Fl-pn j
alt x(t) = F(l ( ) (t“ X(T) dr
RK [y @l I
oDy x(0) = 75 (¢ dﬁﬂaﬁmx@df

Definition (2.2),[33]

Let a >0,u >0, x € L'([a,b]),R), 0 <a <b < o .The left and right Riemann—Katugampola
fractional integrals (R-KFIs) of order « is defined by

1 [tk — 9t dr
RKn—&.U —_
aDe " x(0) = I’(a),L ( u > *(® Ti-H

RKn—a,u __ b (TH-tH a-1
D X(t) r'(a)“t ( u )

Definition (2.3),[33]:

Let a€(0,1),u>0,[a,b]ER,0<a<b<o, The left and right C-KFDs are defined
respectively by

a .. d t u-1
CKD@Hx(t) = m( ¢1 ua)fa(t:—T)a (x(1) — x(a)) dr,

CK Ol _ _—u” —pd N b_tt

th X(t) = m(tl #E)ft m (X(T) —_ X(b)) dT-
Lemma (2.4),[34]:

Assume0 < g < f,a € (0,1].Thenf* — g* < (f — g)*
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3.Problem Formulation for Proposal system

This section discusses the existence, uniqueness, and stability theorems for -order nonlinear
differential equations.

Theorem (3.5):

Let a > 0, then the equality RED{"*(RXD;*"x) = x(t) belongs to the space L, (a,b) if its absolute
value |x(t)| is integrable over the interval (a,b) with respect to the Lebesgue measure( x(t) €
Li(a,b)0<a< 1.

Proof :
Form definition (2.1) and (2.2) we have that

s*1lds 1 [Syst—Th\*t dr
r(1 ( T )j (¢e# —st)e (F(a)fa ( Iz ) *(0 T““)
3 u* 1 d t stlds st — gt dr
“Tra-ol @ )f th — sh)a (L ( u ) ‘”)
r(aﬂ)lrgla % )f G fj)“( fee e rclif“)

ok ™ 1x(t)dr
“T@rd-o )f (th —H)

RKD‘X #(RKD_Q# )

— k-1
e e
t -1
e [
= x(t)
Lemma (3.6),[35]:
Let f be a continuous function on a rectangle R = [a,b] x [c,d], then [ [ f(x,y)d(x,y) have
the following [ ([ £ (x, y)dy)dx= [ ([} F(x, y)dx)dy.
Theorem (3.7):

Leta > 0,8 >0,1<p<o0<a<b<oandletue R and c €R be such that u > c.
Then for x € XP(a,b) the semi group property holds. That is R’th’“'“(R’gD[ﬁ'”x) = REp= Pl y (1)

Proof:

By using lemma (3.6), we have that

RKn—U [ RK n—B.1t 1 t (th-et\ETL (oot \FTL (s x(7)
aD ( aD; x(T)) F(a)l"(ﬁ)f( u ) (fa( u ) i 08 | o At

Now we have that,

RléDt_a'“(RléDt_B‘“x(T))

1 Y TN RSN Lt (s)
_r(a)r(ﬁ)fa<fr( u ) ( P ) e udT
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a+f-2
r(a)lr(ﬁ)f (J; ( uS#) :(_SZ S) Tll—u dt

ft th — T” a+p-1 x(r)) 4
T @tp- 1)F(a)F(ﬁ) . Py 71K
x(T

)

Ti-H

-a—-p-1

tll —TH
F(a +B) f ) dt
FeD; ()
Lemma (3.8),[33]:

f(x) belongs to the space C™[0, +o] if f(x) and its first n derivatives f'(x), f''(x), ..., f"(x) are all
continuous on the interval [0,+0).

If f(t) € C™[0,+]andn—1<a<nez",
1 REDIE(RED (@) = (D)

2. CKDFf(6) = REDEHF(D) - £ES (4 — a7

rl-a)
Lemma (3.9):

The relation between Riemann—Katugampola fractional integrals and Composition Caputo
—Katugampola fractional derivatives have the following formulation
Rk (D (SKDEHF©) )= £ (0
Proof :

Form definition (2.2) and (2.3), we have that

R~ (CEDE! (KD F(0))

— RKp—a—au | RKnOU ( CK &l St —a) CK pa.u
= "aD, aDy ( aDy f(t)) - rl—a) oDy " f(a)
—a, : —ap ME(EH —ak)™ ,
= R, (C’éDf‘ () = Dy M =y AP @)

B _Tu a-—1
= Rkp; o (C’éDf"“f(t) - e B ASIOICE rﬂ)-arﬂ-ldr)

‘ua
rd—oao)l(a) fa
Since f(t) = f(a) then t = a therefore the integration in [a,a] equal zero
RD;eH (D (KDEHF®)) = £(©

Lemma (3.10):

Suppose a > 0,a(t) is a nonnegative function locally integrable on 0 <t < T (some T < +) and
g(t) is a nonnegative, nondecreasing continuous function defined on 0 <t < T g(t) < M (constant),
and suppose u(t) is nonnegative and locally integrable on 0 < t < T with

u(®) = a® + g0 [ (L=2) " ugs) ds
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on this interval. Then

)" _s na—-1
u(®) < a(®) + [y [ Sy rBOHO (LN ()| ds or

w0 =t (o0 (%)

proof :

_ 2a—1
Let Bo(t) = r“c(’;fx)) /. ((t# #S#)) x(T) dr ,t > 0, for locally integrable functions ¢. Then u(t) <

a(t) + Bu(t) imply

n-—1

u(t) < B*a(t) + B™u(t)
k=0

n _ 2na—1
Now to prove B"u(t) < [ (g(lfz;(l:;)) (t#ﬂrﬂ) a(t) Tf_ry

B™u(t) > 0asn — 4o Vt€|[0,T)

3.2

We know this relation (3.2) is true for n = 1. Assume that it is true for some n = k. If n = k +1, then
the induction hypothesis implies

g(t) th—sk 2a-1 s (g(s)F(Za))k sH_TH 2ka—-1 ds
B () = B(BY) < Ja ( ) Ifa ( ) u(®dr| o=

r2a) r(2ka) u

Since g(t) is nondecreasing, it follows that
k+1 (g(t)) th_giy2a—1 (r(za)) i _pun 2ka—1 ds
BH u(®) = ra) fa( P ) (zka) (—M ) u(D)dr| 5=

By interchanging the order of integration, we have

k+1

k+1 < lg®) t (ra)* [ehosi\2a1 rgu_puy2ka-1
B u—(t) — 1—-(2“) fa f-,_- F(Zka) ( U ) ( o ) ds

Where z € [0, T], B is a beta function

k+1 (g(t))k+1 t (ra)" [ (th-tH et 2(th — Ty 2ka—1
s <L g (=S a-»)  (2=2)

ra) r(zna) s

k+1

Br+iy () < (gﬁt()oz) fa _f‘rt (Ilj((:i))n (t”;‘r”)a_l (@)ka_l (1 — 2)® zka=1 dz]
pevtue) < SO gt L0l (et (o)™ e g
B*H1y(t) < (9?())?1 fa (:((:C)(gk ((t“ ;T”))ka'm_l fol(l — 7)® gka-1 dzl

R e e B GO OF
T e M - FOE

23



Ahmed Sami Sleibi . et. al, mspAs, Vol. 2, No. 4, 2024

k+1 2(k+1)a-1
k41 t| (g®riza) (tH — sH) ds
B u(t) = fa lF(Za)F(Z(IHl)a) ( u ) l u(s) si-u

: t Or@)" (@ - shy)2na-t
Since B"u(t) < |, F(Z(Ofl)r(z(’ir)l)a)( #S ) ]u(s)ds > 0,n—>wVte[0,T)

(g@®r(@) <(t” - S”)) ) 0<t<T

u(t) < a(t) + f n=1r(2a)r(2na) K

w (g@®Oreo)" (t#—s#) ma-17 44
u(®) < a(e) (1 + S, LEEO)

)

u(t) < a(t) <1 +ye (gOr@)" ((tu Su))Zna

r2a)(2na)r(2na)
w  (gOreao)" (- ak 2na>
u(t) S a(t) 1 + Zn=1 F(Za)(Zna)r(Zna) ( P )

g(t)r(za)( a”) )
u(t) <a(®)| 1+ X5, r@a)(2na)r(zna)
M n
(g(t)r(za)( = ) )
u(t) < a(t) r(z )Zn 1 rna+1)
Bl 20\"
<g(t)1"(a)(t . ) )
u(t) < a(t) r2a )Zn 0 rna+1)

u(®) < a(d)E, (g(t) & a")m) |
Lemma (3.11) :

Let a>0,u>0and x(t) € L*([a,b]),R), 0 <a<b<othen (||(RXD/*)x(t) —
(REDE )y ()| < G lIx () — y ()| when €, (¢) = (" —a"))

Proof:
((RKDO-’ “)x(t) _ (RKDO-’ ”)y(t))

L (1 ) d t -1
F(l—a) ( ) fa (th- Tﬂ)a}/(’[)d‘[

u* - -1
r(1—a) ”— U (th = H)a(x(r)—y(f))dfl

Therefore

(u-1)
1(RED&)x(t) — (FEDE)y(®)|| <I"(1M $1- u_ U (tT H)a”x(r) —y(r)lldTl

F(l a)

(B
(t(l—u) i) ft w1 x(1)dt —

r(1 a) dt/ Y0 (th-th)a

u® (u-1)
||(RKDaM)x(t) - (RKDa#)y(t)” < ”.X(t) }’(t)” I—v(l 1 ”dt If (tlf— TH)O( l
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I(*EDe)x () — (*eD )y @

< |lx(®) — Y(t)”ﬁ(tl ”— U —(th — t#) " FurW- Ddrl

u _ ~uy—a+1 t
|(*507*)x(®) ~ (07 y | < Ie®) =y Ol - (t1 “2) (t_;—fl ]

RK 0@ RK 0@ 1- 0 — (t# —at)™"™
|60 )x(e) = (“5DE Wy O < Ix(®) =y Ol = a) (2 — ]

RK 0@ RK 0@ 1- (¢4 —at)™ "
|05 = (D )y 0] < Ix(®) = yOll——E—— m —(2+2) i ]

nu _ auy—a+1
|(*607*)x(®) ~ (07" Wy < Ie®) =y Ol = Ga ﬂ—) « _;31 ]

RK 0@ RK 0@ 1- (—a+ D(* —a) "pct™
|(*4D*)x(0) = (*EDF* )y (@] < llx () —ﬂﬂllﬁ(t R B )
II(R’éDf'“)x(t) — (REDI )y ()| < m )((t“ —at))llx(®) = y (@)l
set C,(t) = r(1 5 (( th —at)), we get
|(*EDF#)x () — (REDIH)y (@] < C(@)lx(@®) — y (@)l 3.3
Lemma (3.12):

Let a>0,u>0,and x(t) € L*([a,b]),R), 0<a<b<w
|*D;7“#2(6) = *ED; “y(®)]| < C(B)1x(®) — y(Ol where Cy(6) = ——— (=)

Proof:
1 t el a1 d b u

RI(th‘“'#x(t)_Rth‘“rﬂy(t)=r(a)j (t : ) x(7) 11“ I"(a) t i

1 [ttt —g\* 1t dr
=75 j (=5)  «w-yo 5
Therefore
|RED; “#x(t) — RED; **y(0) || < F(l )ft “ _Tu) —

u
75074 x(6) = 5D,y ] < lx(®) = YOl f _t ) i
| *5D; “x(6) = *EDF“Hy ()] < Ix() = YOl = t(t”,‘f”) 7~
Gl

[[FED; “Hx(®) — FED; “*y @] < llx(®) — y@I ur_(t) “a
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t

RKD_aIH t _RKD_(X'# t < t) — t ( )
7605 x(® = #6py Ol < I ® = YOl s (=) |
70 %20 ~ Dy (0| < () ~ y@ll = (-T2
e F afe VRN = Y har (@ u
1 th—akt
set CZ(t)_uaF(a)( ; )We get
||*ED, “#x(8) = RED; “Hy (| < C(O)llx(®) — y @ 3.4

Theorem (3.13):

Let x:[—7,T] = R™ be continuous differential function ,t> 0 then x(t) is a solution of the
Composition Caputo —Katugampola fractional order nonlinear differential control nonlocal system
(1.1),if and only if

x(t) =
(rep;2ak ( my Apx(8) + Bx(t — 1) + £ (&, KD x(t — 1), x(¢ — 7)) g (& *EDF#x(0), x(8) ) + Bu(t))

fotf(s)ds for—t<t<0
3.5
Proof:

For —7 < t < 0, we have the solution is x(t) = fotf(s)ds, now from (3.5) , we have that
x(t) = REp *~%H <Z}‘=1Aix(t) +Bx(t—1)+ f (t, REDHx(t — 1), x(t —

1) g (& *EDEHx(8), x(6)) + Bu(t)) 0<t<T,implies that

| RKp=a=a <C’§Df"“ (Cgp;“'”x(t))) _ R';D;“‘“'”( Ty Ax(®) + Bx(t — ) + £ (& REDEx (e -
), x(t — r)) g (t, Rgnf'”x(t),x(t)) + Bu(t)) using lemma (3.7), we obtain

CK p &bt (C';D;“'“x(t)) =YY" Ax(t) +Bx(t—1) +f (t, RKD@Hy (t — 1), x(t —

r)) g (t, RﬁDf"”x(t),x(t)) + Bu(t) .The necessity of the condition (3.5)

The solution for system (1.1) is x(t) = fotf(s)ds for -t <t <0

KD (CEDF () = By Apx(€) + Bx(t — 1) + f (& *EDF a(t — 1), x(t —

) g (& "D (), x(D)) + Bu(®)

R, (KD (KD x(0)) ) = D7 (Lea Ae(e) + Br(e = ) + £ (£, FEDI (e = 1), (e -
) g (& *ED{ (), x(0)) + Bu(t)) RED;“H (CKD{Hx(e) ) = REDTU (Z?=1Aix(t) +

Bx(t— 1) + f (& *EDf*x(t — 1), x(t 1)) g (£, *EDI (), x(1) ) + Bu(t))
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x(t) = REp;2eH (z;;lAix(t) +Bx(t— )+ f (£, FEDOHx(t — ), x(t —
r)) g (t, RﬁDf"“x(t),x(t)) + Bu(t)) is the solution of (1.1).

Theorem (3.4):

Consider the following Composition Caputo —Katugampola fractional order nonlinear differential
control nonlocal system and “§D.* (C’lef’”x(t)) =Y Aix(®) +Bx(t — 1) + f (t, REDHx(t —
1), x(t — r)) g (t, RﬁDf"“x(t),x(t)) + Bu(t) with (f(t0,0) = [0, ...,0]7) has a unique continuous
solution
proof:

Let x(t) and y(t) be any two different solutions to system (1.1), then x(t) and y(t) both satisfy the
formulation of solution (3.5)

Also, let&(t) =x(t) —y(t)=J, f(s)ds — [, f(s)ds = 0, one can obtain £(t) = 0 for —7 <
t < 0. Hence the system (1.1) has a unique continuous solution for -7 < t < 0.

Aswellas for0 < t < T, we have then
£() = x(6) — y (&) = Rep ( Iy Ae(t) + Bx(t — 1) + f (&, KD x(t — 1), x(t -
D) g (£ FDFx(0),x(D) + Bu(®) ) - *ED; ¥ (£ Xy Ay(0) + By(e = 1) + f (&, "Dy (e -

0,5t - D) g (£ 5D y(©),y() + Bu(®))

§() = REp; (Z}LlAif (&) + BE(t — 1) + £ (£, *ED{ME(e — 1), £ (¢ -
0) g (£ EDEE0,£0)))

£ = i [ () (( 1y A€ () + BE(r — ) + f (7, REDI#E(r — 5), £ (1 —

u
$)) g (z. "D e (), E(T)))) —

Where 0 < t < 1, we have that

£ = = [ ()T (R A€ @) + BEG — )+ (5, DF e — 5,62 — 9))

u

dt

g (7. *EDEH (), §(D) =

IO < ms [ () (SR lANIE@I + B8 = )1 + h (v, SDE#E(c — 5), €(x -

rQa) U

), FEDEHE(),£(D)) - h(r,00,0,0))

dt
—-u

71

IEON < s I () (Sl ANIE@N + 1BEG = Il + L (F5DF e = 5) + £ =) +

ra) u

REDEAE(D) + £(1)) = by (33),34)
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1N < s [ () SalladE@I + 1BE - )l + LG @EG - ) + €G- +
CED +ED)|)

IEON < = * (2= (S ladilie Ol + 188 e — Il + [L(C 08 (¢ - 1) +

I"(Za) U

Et—1)+CmE®+EO)|)

KON < = ! (t”jf”)m_l (S AIE O + 1BE € = Dl + [L(C0F ¢ — ) +
Et—1)+C

Where &*(t) = supge[-r,01lI§(t + )|

IEOI < Creall4;l + 1Bl + [IL(CL(6) + 1+ C.(t) + D)D) r(za) ft (t“;r#)za—l
H_zp 2a—-1 -
(=) ol =

16O < Eallal + 11+ IL(C () + 2+ )N s S (S2) ™ e @l 22
Set g(t)= (X7ill Al + 1BIl + IIL(C (0) + 2 + €, ()

u 2a-1

18O < 8005 | ()

th — ak\ >
||€*(t)||30Ea<g(t)( —) )

1" @I <0

1E*ONl = x(®) —y(@) <0

x() =y()

Ift <t <Tthené(t)=x(t) —y(t)

G4+ Bl + IL(CL.(®) + 2 + ¢ .()ID ft (tu _ Tu>20f—1
I'Ca) 7

1§D < iz llAl + Bl + LG (8) + 2 + CL(0)ID

1E*OIl <

when Ly = (Z”Ai” + Bl + IL(C (1) + 2 + Cl(t))”>

16O < (Sl + 11 + LG () + 2+ C )N s 1 ()

u 2a—-1

16N < L s | ()

I‘(Za)f (t”l‘f”) "
e @1 < (L) = f* (& ’“)2 e @l 2=

=)

&N < Ly

r2a)

e ()l < 0 (L) (=
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1E* ()]l < 0,Thenx(t) —y(t) =0
Therefore x(t) = y(t)
Then system (1.1) has a unique continuous solution .

3.1 Stability of the Composition Caputa— Katugampola and Riemann —Katugampola Fractional
order nonlinear differential control nonlocal system with maximal interval (0,T]

Theorem (3.1.15):

The solution to the Composition Caputa —Katugampola fractional derivatives
Riemann—Katugampola fractional order nonlinear differential control nonlocal system (1.1) is x(t) €
R™ Then the following inequalities holds:

I x(6) | < S(OE, (a(t) (““““)2“) 36

U

Proof:
Since x(t) has the following formulation,
x(t) =
RK 20 (Z}‘zlAix(t) + Bx(t— )+ f (£, FEDEx(t — ), x(t — 1)) g (& KD x(6), x(0)) + Bu(t))
[, f(s)ds t € [7,0]

. Thus, for 0 <t<T, we have

1 ot (th-ri\2071
x(©) = = [ () (S 4@ + Br(e — o) + £ (6 REDM x(t - 0, x(t -

0) g (& M x(0,x(D) + Bu(®) ) ==

21 || By Ax(€) + Bx(t — 1) + f (& "D x(t = 1), x(t — 1))

9 (t' ReD " X(t),x(t)) + Bu(t) e

(Ol = — f (=)

r2a) 4

(o] = [P 4@ Bx =0+ £ (6 D =2 =)
Dl = ——
x rQ2a) g (t, RIC(lDt“'Hx(t),x(t)) + Bu(t) a

(t”—r“)za_l dt
u

f (t, RKD®Hy(t — 1), x(t — T))

eI < | 15 Adlllx(O1 + 1BIllx(e — Il + s
g (& "EDF X (0), x(1) )

+

2a-1
Bl | = fi (=5) T =

r2a) u Ti-n

@1l < (187 Al @l + 1B x e = DN + || (& FEDE 2t — 1), x(t
), REDE(6), x(2)) — h(t,0,00,0)|| + BN ) s fF (22) " &

ra) u Ti-H

@l < (IZ7s Al @1 + 1B IIx(E = I + |2 (REDE (e = ) + x(t = 1) + REDF#x(t) +
x(®)) +]| + 1Bl s [ (E) T Lo

ra) u
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(O = U7 Al + DB — -+ LG Ex(E = DI+ et = Dll + G OO +
O+ IBIk@D 5zl (55) 25
‘ +

lx(OIl < <|IZ?=1Ai||||x(t)II + Bl
sup x(t+ 19)”

Ye[-1,0]

sup x(t+9)
Ye[-1,0]

s[up ]x(t + 19)” +L <C1(t)

th—i\2¢-1 4o
s x(t+ﬁ)”+||cl(t>x<t>||+||x<t)||>+||B||||u(r)||>r(2a)f (==)

Ix(OIl < <|IZ?=1 Aillllx@Il + 1B pSup x(t + ﬁ)H +L <C1(t)

sup x(t+19)H+IICl(t)x(t)||+||x(t)||>+> L (LY Bl

9e[-7,0] rea) W
pl—2a (tﬂ _ aﬂ)za’
2ar(2a)
11 < (IS Al + 1B] + LG () + 2+ 16, OID) i [ ()™ || sup x(e+
I=1 1 1 e A ﬁe[—l;),o]
ﬁ)” L B )w ~ a2
Set 5(t) = [1BIllu(0) | Lo (o — atty2

2ar(2a)

n

.

I=1

+ ||B]| + L(2C,(t) + 2)

x| < 8(t) + &(t) — (t#-fu)a—l

r(a)-a U TH

Yve[-1,0]

sup x(t+ 19)”))
Y€e[-1,0]

H_gi\ 2@
120 1< 80, (a0 (=) ™).
3.2 Stability of the Composition Caputa— Katugampola and Riemann —Katugampola Fractional
order nonlinear differential control nonlocal system with by using step method.
Theorem (3.2.16):

Assume that Composition Caputo —Katugampola fractional order nonlinear differential control
nonlocal system (1.1) satisfy the following conditions lemma (3.10). Then the solution of (1.1) is

a
finite-time stable, if the following conditions is satisfied: w(t)E,0,(T) (%) < & where

lx(®)] < 8() + <a(t) (R’éDt_“’“

8+(1) = 6,(T) + ((C1(6) + B + 1) [r(1+2a) (= )2a< " §;(0)Eq00(jT) (%)za) +
e (Y @ Eaytn + 1) ()]

1 " ™ 2@
Siv1(®) = 8,((i + D7) + (C1(t) + B + 1) eg <(r) )) [2 (1) Eay (1) (1 ) l
i1
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8:(®) = AIBIu@®ID )

r(i+2a)
Proof :
From the system (3.5)

x(t) = REp 2@k (Z}‘zlAix(t) +Bx(t—1)+f (t, REDHx(t — 1), x(t —
T)) g (t, R’éDf"”x(t),x(t)) + Bu(t))
x(t) = REp;2@H (Z}‘zlAix(t) +Bx(t— ) + f (6, FEDO x(t — ), x(t

1) g (& D x(0), x(0)) + Bu(t)) t €[0,T]

(Ol < (I AN + LE ORI+ (D s [ () 224 (@l -

t u u 2a—-1 d
I+ Bllx(e = )l + lleCe = I+ 1B s f1 (55) 2

I OI < (IS Al + LE OO + (@) s () 2y

U
(Cl(t) ”f x(s)ds x(s)ds” + ”f X(S)dS” + ||B||||u(t)||)r(2a)f (t”;”)za_l Tf_ru

(Ol < (IEfo A+ LG + D () el 251 ) || ff x()ds | +
B¢ xas]| + [ 1 xodds | + B £ (L) Lo
(Ol < UIZiy Aill + L (8) + DFED>Hx(6) +(Cy(0) ||y x(s)dis || + B || f; x(s)ais || +
| £ xCspas || + MM S (25) T
(Ol < UIZiy Adll + L (0) + DFED > “Mx(8) +(tC1 (DO + Bellx(Oll + tllx(®)]] +
Bl s 1 (25
(Ol < ISRy Adll + LCL(E) + 1+ €, () + Bt + FED 2 x(2) + (1B lu(O))

1 ft(t”—r”)za_l dr
ra)“a u Ti-n

@I < (TR Al + LC () + 1+ tC1(8) + Bt + £) XD 2% () + (IBlIlu®)]) ~L (s

tH au> 2a

r(i+2a)
e aﬂ)m

Set 6,(6) = (lIBIlllu(®I) (,fhfz )
oo(t) = (

Using the Lemma (3.10) for t € [0, 7], we have that
lx()1l < 8,(t) + ao(O)RED, 2% x(t) for t € [0,7]

n

S

I=1

+ LC;(t)+1+tC,(t)+Bt+ t)

31



Ahmed Sami Sleibi . et. al, mspAs, Vol. 2, No. 4, 2024

th I
()1 < 8,(1)Eq0() (- “7)

Fort € (it,(i + 1)7],1 < i < n,wehave
IO = AX7 A1+ LGN + 1Ol + IBIED 75, (E=t)™ T ey

u
(GOt = I+ Bllx(t = )1+ et = )1 s [ (222

(O < UIEFs Al (Ol + LE OO + IxOI + Bl 7 (ﬁ -~y

GO +B+1) (2 f(““s”)z G — D=+ = 127 (Y7 e — DI 2 +

u ['(2(1) u

e B s o)

U

ra)’a

EOIE ((nz, AN+ LG Ol + IOl + 1B s (&~ ) )+

u
th—1H

@@ +B+ 1) (Ixts =Dl s (52) 7 = (555) ) + B @ Eao (@ (5 -

akt\?® 1 (th—TH) (OF-@DH\2* i7)(y2e) L (7-(F 2a>
7) ] r(1+2a) (( U ) _( u ) ) L [si(T)an-O(LT)(T) ] I"(1+a)( u )

(D)l < ((m 1Al + LCL(O) + DD Ol + BN fu(o) | )+ (@ +B+

au

1) (tllx(t)“ r(i+2a) (T“T [51(‘[)15 0o(7) (_ _ 7)2“] r(lim) ((%)Za) s
R0 ()" | (2

lx(OIl < (((llZz LAl + LE(8) + 1) + £(C1 (D) + B + D)RED > lx (D] +
IBIFED @I ) + (C(©) + B + 1) (|8, (00 () (5 - ‘L—“)Z“] s () )+t
[5i(T)E“Ob(lT)(7I) a]z(1iza)(£%£)2a)

@l < ((AIZfr Adll + LE®) + D) + £(C1(O) + B + 1) "D |lx()| +

IBIRED 2 “*llu(@l ) + (C1(8) + B + 1) ([Sl(T)E o (@) (- “7”)2 | s ((%)2“) -
(8D E0y (D) (] s () )

r(1+2a) u

lx(®)ll < <<||B||||u<r>||) (e’ )+ (CUEr Adll + LCL(6) + 1) + £(Cy(6) + B + 1))

au

DOl + (C.(0) + 8 + D8, B0 () (%~ L) s () ) -+

3 u r(1+a)
[6:()Ea00 (i) )2 7 () )

Th—gh)2®
51“)‘((”3"”“(>“)m+za>( ) )
00 (8) = ((IEfs Adll + LG, (8) + 1) + £(C1 (&) + B + 1)
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(@l < (3:0) + (GO +B+ 1) (8:Ea0@ () 1 7 (5) )+ 4

r(i+2a)

[6: (D Eaoo (D) ()] - (2 )Za)+ao(t)R’§D{“"‘||x(t)||

F(1+a)

Ix(OIl < 6,(G + D7) + (G, () + B+ 1) I (r)u) [E, 16;(0)Eq0, () (Jr ) ” +

r(1+2a)
ao((i + DT)RED 2% H|x(t) |

I"(1+2a) u

et 81 (1) = 5+ D) + (G0 + B4 [ (D) [ 5.0 () |

Using lemma (3.10) , we obtain that for t € (w (i + D)t ], implies that

> I
1O < i41(1) Eqop((i + D7) (——a;)

. u\ 2a
IO < 6141(2) Eaoo((i + 1)7) <—((l ?T) )

< i < n.Then it follows that

Finally fort € ((n+ 1)7,T],1 <

t“—‘r”)a_l dt
U TiTH

eI < (AEs Adll + LE () + 1) + t(Cl(t) + B+ 1) +IBllu@I) 7, (

@@ +B+ D[ ()

Ix(@Il < (((IIZ?—l Aill + LC, () + 1) + t(C1(8) + B + D) lIx(®)Il +

th—gh\2® th—gi\20~1 ds
”B“”u(ﬂ”)mm( ) +<cl(t>+B+1)(r(m)f( =) kG-l +
1 27 [th—sh\ 2@ (n+1)T (th—sH 2a d
ool (=5 [nx(s—r)n] s (Y (s — )
1t thogh) 2@
e () s~ o) )

Ix@Il < ((((IIZ?ﬂAiII + LGy () + 1) + t(C(8) + B+ D)lIx (O]l +

I8N i (5) ) +((€(0 + B+ D) (Ixs ~ Dl g (52) ™ -
(t#;rﬂ)ZQ) +[8, (1) E 0,72 r(1-1+za) (((t”;‘rﬂ)) _ (M)Za) .

20 (OF-mDM\2Y  ((OF=((+Dn1)H)) 2%
[62(DEa00(n129)] 15 () = (F—=E22) ) +

(M+1)T, 2 1 ((OF—((+1)D)H)\ 2%
[Bs1 (D) Eq g (F22)27] o (F—=H)

(Nl < (i Aill + LEy () + 1) + £(C1(6) + B + DRED > |lx(0)]| +

1B IR D2 (1) ) + (G, +B+1) (”f x(s)ds” R (ru;au)za .

6:OFLr) iz () ) + o+ 18, @ Eaoone)) iz (F)

r(i+2a)
(OF=((n+1D)T)H)\ 2%
[6n+1 (1) Eq0p((n + 1)7%%)] F(1+2a)( 2 ) )
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Ix(OIl < ((IIZ?—lA-II +LC () + 1D+ t(C,(6) + B+ DRED “HllxIl + IBIFED, “Hllu@)l ) +

(@® + B+ D) (@l 7 (T“;““)Z“ + (01D ELr) s (D)) +t

1 () 1 OL= L 2a
(158D Ea00 ()] 7 (D) 4 [Ba (DEao((n + 1)72)] s (L))

I"(1+2a)

@l < (US4l +LC,(0) + 1) + (6, () + B + 1)R’<D;2“'“||x<t>|| "
IIBIIRKD_Z“”IIu(r)II )+ ((C(®) + B+ 1)) (tllx(t)ll T (T”;““)Z“ +
(80 (DELr?] s ()™ 4+ (180 Eaon ()] s () 4

r(i+2a) \ u
1 (OF=((n+1)1)*)\ 2%
[8n+1 (D) Eq0o((n + 1)T2%)] r(1+a)( H T ) )

@l < (TP Adll + LCL(E) + 1) + £(Cy () + B + DRED2“||x(0)]] +
IBIFED; 2 [u () + (€0 + B + D) (18 (0ELe] ;<(ﬂ) DR

r(1+2a)

2a B ((n+1)T)H)\ 2%
[[6,.(T)Eq00 (nT)*] F(11+a) ((T) ) + [6n41 (D Egao((n + 1)729)] mm) (((t) ((u DY) )) )

1O1 < ABMR@ID) e (F22) 4 (IS Al + LE () + D + () + B +

1"(1+2a) u

)RKD—zau“x(t)ll) +((c;®)+ B+ 1))( 5, (0)E, 0 ( Mau)Z | p(11+a) (((T:))Za) s

2a
u u u\ 2a u
[[6n(T)EaUO <((n;) - (ne) )) ] . ((‘LZ ) + [6n+1(T)Ea0'0 (((7’"':)7) -

P r(i+2ae)

((n+1)a)“)2a] 1 (((t)”—((n+1)T)”)>2a
u r(i+2a) u

Th_gh\2a
8,(8) = (IBI@IN) 7o (=)

u
oo () = (UIZ=1 Aill + LG (0) + 1) + t(C, (1) + B + 1))

x| < 6,(T) + ((Cl(t) + B+ 1)) [ ((}r)ﬂ) )Za( ?zl (1) Eqoo(j7) ((j;#))2a> N

F(1+2a) u
2a
L (Y B + 1) () | +so@msn; #1x )

r(1+a) u
(JT”) 20 N (UT )2
Set 87(0) = 8,(1) + ((G:(®) + B + D) |7 (U2) 7 (S0 60 Eacn G0 (£2) ) +
1 (M- (D (n+D7#) |2
F(1+a)( (Z+ d )) n+1(T)EaGO(n+ 1)( n+uT )) ]

By using lemma (3.10)for t € ((n + 1)z, T], implies that

TH — gh\2%
Il < 872) Eqorn (1) (———)

Remark (3.1):
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The Composition Caputo —Katugampola fractional order nonlinear differential control nonlocal
2a
system (1.1)is finite-time stable if it satisfy the following condition 6;(7) E,0,(T) (T# au) <e¢

(Ty_ au)Za
F(1+2a) u

where &67(7) = ([[Bll[lu(T)I)

4.1llustrative examples

In this section, we provide some examples to illustrate the finite time stability of the Caputo
—Katugampola fractional order nonlinear differential control nonlocal system (1.1)..

Example (4.1):

Consider the following the Caputo —Katugampola fractional order nonlinear differential control
nonlocal system (1.1),

1—2a
8(6) = IBII(D) | gy (0 — a2
zA + I + L(2C,(0) + 2)
I () ns(nBuuu(r)uz ;_(Zza)(tﬂ—aﬂ)m)Ea ,ZA + 181

2a

+ L(2C,() + 2) (tﬂ ; aﬂ)

sin(t
D (ADEx(0)) = Sy A (1)) 4+

cos(t)
tsin(t — 0.1) RED# (sin(t — 0.1)) (sin (t) *ED;* (¢) ( ) ©.
u
tcos(t — 0.1) *ED* (cos(t — 0.1)) / \cos (t) RED ¥ (¢t) 1
where u(t) = [uy(t),u,(t)]7,is a vector control functions, 4; = (_12 _03),A2 = (_02 é),A3 =

(_13 (1)),3 - (_72 _14),We can efficiently verify that [|A.ll = V1T, l4,ll = 2, ll4s]l =
V13, ||B|| = 2V14, and. Using inequality (3.6) in Theorem (3.1.5) with a« € (0,1),L=1,a=
0.1,t =0.2,€[—7,0],[|IBll =1, u(t) =1

solution ;

2@ 1< (1Bl L

(0 = @) By ( (IS A+ 1B+ 126 (0) +2) (252 )

2ar(2a)

hx(0) Il < (2 oy )( t# — a#)??) (Zfé’:l <|IZ 1Al + 11BI+ L( ((t“ —at)) +

(M)Zak
2)) ) I"(!jzk+1)

r(i-a
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1-2a
U

() 1< (t4 — a*)2®) ((m + 24VI3) + 2V + 37, ((2“—" ((t* — am)) +

2ar(2a) r(i-ak)

tak(M>2ak
2)) > I"(aZ+1)

th aM

I x(t) ||S(7_7) m+1+(t(2+\/ﬁ+2\/ﬁ))+2?‘;0 .

r'(l1+a)

#ai(tu_a#)<(t#;a#)ai>

r(l—ai)r(ai+1)

Tablel. The value of ¢, for a = 0.1, = 0.1

t p=01 p=02 p=03 p=04 p=a pnp=06 p=07 pn=08 pn=0.9

0.2 258.5412 2722187 2545413 231.3660 209.2953 189.9299 1/3.3902 159.37/32 14/.4924

04 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03  1.0e+03
*2.5646 *2.0480 *1.5440 *1.1833 *0.9329 *0.7564 *0.6289 *0.5343 *0.4624

0.6 1.0et04 1.0e+04 1.0e+t04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04
*1.2265 *0.8253 *0.5442 *0.3751 *0.2718 *0.2058 *0.1619 *0.1314 *0.1095

0.8 1.0et04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04
*4.3460 *2.6063 *1.5679 *1.0046 * 0.6864 * 0.4961 * 0.3756 *0.2957 *0.2402

1 1.0e+05 1.0e+05 1.0e+05 1.0e+05 1.0e+05* 1.0e+05 1.0e+05 1.0e+05 1.0e+05
*1.2886 *0.7148 *0.4039 *0.2462 0.1617 *0.1132 *0.0836 *0.0646 00’217

Table2. The value of ¢, for a = 0.1, = 0.5

t p=0. 1 p=0. 2 p=0.3 p=0. 4 p=a p=0. 6 p=0.7 p=0. 8 p=0. 9

0.2 2994857 119.2382 66.4523 43.2298 30.8623 23.4652 18.6739 15.3824 13.0157

04 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03
*2.2507 *0.6676 *0.2959 *0.1606 *0.0992 *0.0670 *0.0484 *0.0368 *0.0291

0.6 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04
*1.0146  *0.2494 *0.0951 *0.0458 *0.0256 *0.0159 *0.0107 *0.0077 *0.0058

0.8 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04
*35339 *0.7639 *0.2624 *0.1157 *0.0602 *0.0353 *0.0226 *0.0155 *0.0113

1 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04 1.0e+04
*3.0689 *2.0669 *0.6594 *0.2735 *0.1353 *0.0759 *0.0469 *0.0312 *0.0220

Table3. The value of ¢, for a = 0.1, = 0.9

t pn=01 pn=0.2 pn=03 pn=04 p=a pnp=06 pn=07 =08 pn=0.9

0.2 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03  1.0e+03  1.0e+03
*1.6292  *0.2373  *0.0758  *0.0338  *0.0181 *0.0110 *0.0072 *0.0050 *0.0036

04 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03
*90.9009 *1.0869 *0.2808 *0.1065 *0.0506 *0.0278 *0.0170 *0.0112 *0.0078
0.6 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03
*7.3031 *3.8031 *0.8373 *0.2794 *0.1196 *0.0605 *0.0345 *0.0215 *0.0144

0.8 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03 1.0e+03
*6.2617 *3.2411 *2.2218 *0.6726 *0.2654 *0.1254 *0.0675 *0.0400 *0.0256
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1 958.2335 858.8854 777.8322 611.4592 570.8595 255.7875 131.4636 74.9320 46.2725

0158 X(t)

0307 X(t)

Tl

—S—u=01

2F =2 5—p=02
WP i -©

18 1 L 1 1 1 L 1 J
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

Fiaure 1.of tablel. Fiaure 2.of table2.
aTee X(t)
—6—pu=01[2
Tp o—p=02)"
n=03
—o—u=04
6 S—un=05
1n=0.6 /2
4@7;1.=0.7
7 —o—u=08

Fiaure 3.of table3.

5. Conclusion

I. The Composition Caputa and Riemann —Katugampola Fractional order nonlinear differential control
nonlocal system 1.1 is very difficult to study since the fractional derivative types of expression are
difficult to discuss.
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ii .The uniqueness and existence depended on the generalized Gronwall Inequality of The
Composition Riemann — Caputa fractional derivative was presented first time and make good role in
stability of the system .

iii .The stability of finite time for the given system depend on maximal interval or on step size of
maximal interval to obtain the guarantee estimation of epsilon
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