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1. Introduction and Preliminaries

The approximation theory is a vast field. The study of the theory of trigonometric approximation is of great mathematical
interest and practical significance. The Fourier series of 2w —periodic functions on the real line can be summated linearly to
obtain the most significant trigonometric polynomials utilized in approximation theory. The periodicity of the functions has
contributed significantly to the advancement of the theory of trigonometric approximation. In [1] Auad and Khrajan estimated
the rate for best trigonometric approximation of unbounded functions of one variable in weighted space L, ,[—m, 7] as well as
studied the degree of best trigonometric approximation by modulus of smoothness in L, .[—m,7]. In [2] R. F. Hassan etal.
studied the best one-sided multiplier approximation of unbounded functions for trigonometric polynomials in weighted space
L, w,[0,2m] as well as estimate the degree of the best one-sided multiplier approximation by averaged modulus. In [3] R. Suo
and Y. Ping obtain the asymptotic estimations of non-linear best m-term one-sided trigonometric approximation under the norm
L, (1 < p < o) of multiplier function classes within the norm L, used to estimate the non-linear best m-term one-sided
trigonometric approximation and obtain the results of the corresponding m-term Greedy-liked one-sided trigonometric
approximation. In [4] A. H. Zaboon examined the approximation of functions using the Fejer operator in the space L, ,,[—m, 7]
in terms of the second-order average modulus which resulted in determining the best approximation of the function, so that the
difference between the function f and its approximation &,,(f) is equal to zero. In [5] S. K. Al-Saidy and A. H. Zuboon
investigate the use of weighted trigonometric polynomials for approximating unbounded functions within locally-global
weighted spaces Lp s,,[—m, ], utilizing the weighted Ditzian-Totik modulus of smoothness. In [6] Z. Cakir, C. Aykol, D.
Soylemez and A. Serbetci found best approximation trigonometric polynomials in Morrey space Ly, ;[0,2r] and the theorems
both direct and inverse using trigonometric polynomials in the spaces L, ;[0,2r] the closure of C*[0,2r] are proven and we
obtain the modulus of smoothness characterization of K-functionals and provide the Bernstein type inequality for trigonometric
polynomials in the spaces L, ;[0,2]. In [7] S. S. Mahdi and E. S. Bhaya find the degree of the best approximation by this
neural network using the k’ th order of smoothness. In [8] W. A. Ajel and E. S. Bhaya obtained the relation between the degree
of (monotone, unconstrained) approximation under some conditions on f which belongs to quasi normed space. On the other
hand, several papers have been devoted to studying polynomial approximation with constraints. In particular in [9-12] one-
sided approximation was considered and some nonlinear operators for one-sided approximation that constructions have been
proposed in [13-15]. In the present work we consider rate of best one-sided trigonometrical approximation of unbounded
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function for one variable in weighted space in interval [, —m] in terms averaged modulus of smoothness. In addition, were
presented proofs the direct theorem and inverse theorem of trigonometric polynomials and we obtained the equivalence
between them.

In the last years, there has been interest in studying open problems related to one-sided approximation (see [16], [17], [18], [19]
and [20]). We shall denote by A = [—m, ] the set of all 2 —periodic with respect to the each variable functions of one
variable g(x), which are unbounded and integrable on

T 1/p
lglle,q =g, ) = {f Ig(x)wa(x)l”dx} , 1sp<w
=T

lglle := sup{lg(x)|: x € A}.
where w, (x) is weigh functionin W st W = {w|w: A - R*}.

For f € L, ,(A) we define the modulus of smoothness in order k of f as follows:

w(f,8) = sup{|AKf )] : y,y + kh € 4}, @

where
k

k k+7 k ;
BEFO) = D 0% () £+ )
#=0 7
is the k —difference of the function f with step h (in direction h) .
The k —th averaged modulus of smoothness of f € L,, ,, 1 < p < oo, is given by

T (fs 01y o) = N0 (f 1, )1y, g ay- 2

Both definitions (1) and (2) in the one-dimensional case coincide with definitions of k —th averaged moduli of smoothness,
given in [3], [4]. For the history of the averaged moduli of smoothness see [21], [22], [23].

In the case p = o the k —th averaged modulus of smoothness coincides with the usual (uniform) k —th modulus of continuity.
The connection between the integral moduli given by

0 (F, 01y gy = sp{|BEFON, o+ 1hl < 6}

pa(d)’

is the following:
Wi (f1 81, ) < T(f1 81, o) < Wk () ) oo

We shall approximate the functions in A by trigonometrical polynomials of order n. The set of all trigonometrical polynomials
of order n with respect to each of one-variables we define by

Ty = {Pip(x) =

ap n COST'X Sin n"x}.
0osn'+n’'sn

The best trigonometrical approximation of order n of the function f € L, ,(A) is given by

En(F)ipatay = nf{IIf = Pllu, ,ca: P € Ta).
The degree best upper (lower) trigonometrical approximation of order n of the function f € L, ,(A) is respectively given by
E (Fuyatay = IEIP = Flly, .t P € 1, P(x) = f(x), x € R}
Ex (P aeay = fUIf = Qll o)1 Q € o f(x) = O(x), x €RY.
The best one-sided trigonometrical approximation of order n of the function f € L, ,(A) is given by
EalP)ipatay = inf {IP = Qllu, 4ay: P, Q € T, P(x) = f(x) = Q(x),x € R}.

Here we enlist some of the basic properties of the defined functions, which we need below. When some of the following
propositions is valid for each of E,J{(-)Lp'a(A), EE(')L,,,a(A) and En(')Lp,a(A)'

i) En(Fipay < En(Fiyaar En(Aiy ey < 2En(FL, o)-

i) E, (f)Lp’a(A) =Ey (f)Lp_a(A) +E, (f)Lp,a(A)-
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iii) If P € 1y, then En(f — Py o) = En(Fiy 0y E.(f - Pipata) = En(f)Lp_a(A)'
iv) If 1> 0, then E(£Af) 1, o) = AEn(Fyy q(ay En(EA) 1y o) = AEn (1, o (a)-
V) Ifg € L, ,(A), then

En(f + Dipaca) < N9l ) + En iy qa)-

vi) The functions En(')Lp_,,(A) and En(')Lp_a(A) are semi-additive.

vii) There exist unique P and Q in m,, for which
ErJ{(f)Lp,a(A) =P = fllo, oy En Dy ey = I1f — Q”Lp_a(A)‘En(f)Lp,a(A) = 1P = Qlls,, ca)
and P(x) = f(x) = Q(x) forany x € R.
Proof:
i) Consider P*,P;,Q, € m, are best approximation of f € L, ,(A) s.t Q; < f(x) < P;(x)

f) <0:1(x) Pi(x) < 2f (%)

T 1/p
En)ipatar = f {If = Plliy oeay: P €} = If =PIl iy = ( j I(f = P (X)W (x>|pdx>

T 1/p
< ( f (P - Q)(X)Wa(X)Ide> = 1P = Qlluy oty = En()iyaars

T 1/p
En(P e = nfIP = Qlluy qi = 1Py = QullL, o) = ( f (P, — Ql)(x)wa(x)|pdx>

1/p
<

b4 T 1/p
- ( f I[P, G0) — Ql(x)]wa(xwdx) ( j I[2f o) - f(X)]Wa(X)Ipdx)

. 1/p
- ( [ 1ere -7+ Pre - f(X)]Wa(x)I”dx>

T 1/p T 1/p
=(f |[2f(x)—?*(x)]wa(x)|”dX> +(] I[f(x)—?*(X)]Wa(x)lpdx)

= 12f = P*llip gy + 1f = Pl gty S 2E2(Hry pa)-
i)
1/p

T 1/p T
EulPiy iy = fIP = Olly, oty = inf < [ 1o~ Q)(X)Wa(X)Ipdx) = inf ( [ lpeo - Q(x)]Wa(x)Ipdx)

e 1/p
= inf ( [ P - o0+ re0 - Q(x)]wa(X)I”dx)

_;TT 1/p T 1/p
< inf ( [NESE f(x)]Wa(x)I”dx) +inf < [ e - Q(x)]Wa(x)I”dX>

1/p

s 1/p s
= inf ( [ 1= f)(x)wa(x)wdx) +inf ( [1v- Q)(x)wa(x)|pdx>
=P - f”Lp_a(A) +IIf = Q“Lp_a(A) = ErJ{(f)Lp_a(A) + EE(f)Lp_a(A)-
iii) En(f = P)iyueay = MfIf = P) = Plli, gy = fIf = 2P, ca) = En(Fiy gy

En(f _?)LP,Q(A) =infll(f - P) - Q”Lp_a(A) =inf||(f — (P + Q)“Lp_a(A) = En(f)Lpa(A)-
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iv) En(EAf)y, o) = infIIEAL) = APy, ) = inf {(f_”n|((i/1)(f - ?))(x)wa(x)|de)1/p} = dinf {(f_nan -
PY W @)IPdx) """} = 1B, ()1, iy

- 1/p
En(£2P) 1 oy = IfI(FAP) — (FAD)I,, ) = inf {(f [(ED @ - Q))(x)wa(x)|pdx> }
. 1/p
= linf {(f |(P — Q)(x)wa(x)|pdx> ] = lEn(f)Lp_a(A);

DB+ 9w = IS+ D) = Pl = nf {((G + 9) - P) w0 dx) 7} = inf (711 +
D) = PO, Pdx)"*} = inf (T 11f () + g() = PIwe (IPdx) " <
inf (J" 19w OIPdx)""" + inf ([T I[P () = FOOIwe GO IPdx)"" = inf (7 |gGIwe () [Pdx) """ +
inf (/" 1@ = PO @IPdx)"” = llglle, sy + Bt (Fiy oty
vi) We note from (iii) and (v) that En(-)Lp'a(A) and En(-)Lp,a(A) are semi-additive.
vii) If 9(x) < f(x) < P(x) we need to prove that the a uniqueness Q(x) and P (x),
O, 1et Q') < f()<P'(x) 239 (x) <Q,(x) &P'(x) <P(x)
=0'(x) Q) < f(x) =P'(x) <P(x)
= P(x) has a unique sub polynomial it is itself
= P'(x) =P() &Q'(x) = 9(x).
Let f and g be 2 —periodic integrable functions. Then convolution of f and g is

T

1
g*fx) = 2—] g, x —uw)f (x,u)du.
T -1
We shall use the following property of convolutions: if g = g(x), g € L,(4), f € L, ,(A), then

1
llg *f”Lp,a(A) < P “g”Ll(A)”f”Lp,a(A)'

The first Bernoulli functions denoted by B, (x) ,« = 0 where
By(s) =1,

sinvs (-5, 0<s<2mw
Bl(s)—ZZ s _{ 0, s=0.
v=1

2. Auxiliary lemmas
Lemma 2.1. If B,f € L{(A) then

f(x) = ag + By * Df(x);
where

1 Y
0= 52| Feowads
Lemma2.2. Let Df € Ly ,(A) then

IBe * Df |l ocay < €llf Il qcay
where c is positive constant and = is the convolution of B, and Df.
The proofs of these two lemmas are routine and can be made by induction.

Lemma 2.3. Let n be a natural number. Then E, (B,); = 4% /n, i.e. there exist two trigonometrical polynomials
T,, and t,, of order n — 1 such that:

() Ta(s) 2 Bi(s) 2 ty(s), s€R,
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(i) T, — tn”Lp'a(A) = 47'[2/”-

Proof. In order to prove the lemma we shall construct trigonometrical polynomials with certain interpolator
properties. Afterwards we show that these are the extremal polynomials.

Now T, is defined by the following conditions if B;(s) = w7 —s, 0 < s < 2m,
T,,(2nwk/n) = B;(2nk/n), k=12,..,n,

T'.Q2nk/n) = B',2nk/n) =1, k=12,..,n—1.

The existence of a polynomial with these properties is evident. The polynomial ¢,, is defined by
t,(2nk/n) = B;(2nk/n), k=12,..,n—1,

t',2nk/n) = B'1(2nk/n) = 1, k=12,..,.n—1,

or more simply by the observation that
tn(s) = —T,,(2m —s)

must hold.

For future reference we remark that it follows from the definitions of T, and t,, that

2

T, (s) — t,,(s) = 2mE,(s) = 2nn™2 (sin%s)_2 (sin%ns) .

This is evident since (T,, — t,;)/2m has double zeros at the points 2mk/n,k = 1,2,...,n — 1, and equals 1, for s =
0, and these properties characterize the Fejér kernel F, among the trigonometrical polynomials of order n — 1.

Lemma 2.4. we have

By = (tn)a = Bg(By — (tn)a),
suchthate,f = 0and a < .
The proof of this combinatory Lemma can be done by induction.
The following Lemma is a well-known tool for intermediate approximation in the classical approximation theory:
Lemma 2.5. Let f € L, ,(A) and k and n be natural numbers and 6 > 0. There exists fi , € Ly, ,(A) with the
properties:

8)|fi;n () — f(0)| < wi(f,x,2/n),x €R,

)| fien — f||LM(A) < c(k, ) wi(f, 1/, 4 (a),

c)we have

||ka'n||Lp,a(A) < c(k, §)nwi (f, 1/1)1, ,(4)-

We shall use an analogue of this Lemma with the restriction that the function f ,, is over the function f. As a
consequence at the place of w,-(f, 1/n)Lp () Will appear 7,.(f, 1/”)Lpa(A)-
Lemma 2.6. Let f € L, ,(A) and 1 < p < oo. For any natural numbers k and n there is a function Fy , with the
properties:

a) 0<Fin(x)—f(x) < 2K6—k+10) (f, x, (2kS + 8m)/kn) and

b) ||Fien — f”L < c(k, &)t (f, 1/n)Lp,a(A)

pald) —

c) we have

IDFinll, oy < cCe Oz, 1/, 1)
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Proof. Let A, = {a:a = (27" a),a —integer}. Let y,, be an infinitely many times differentiable function with the
properties:

1. 0<y,(x) <1foreveryx €R,

2. YP,(x)=0for|x| = 2m/n,

3.
Z Yn(x —a) =1.
a€Ap
4. we have
[DYr ()| < cn.

Such functions exist, for example we can take

Yn(0) = Bp() /) dpx—a)

a€A,

where

exp(—1/(1 — 4m%x?/n?)), |x|<2m/n,
0, |x| = 2n/n.

() = |
Let v = k& and let us consider the function

Fien() = fon(O) + ) 0y(f,0, (20 + 4m)/vn)ihn (x = @),

a€A,

where f,, , is the corresponding function from Lemma 2.5.

The function F, ,, is well-defined for every x, because for every x in the sum on the right-hand side only a finite
number of terms are different from zero (see property 2 of the function 1,,). Let us show that the function Fj ,
satisfies the conditions of the Lemma.

Let x € R. Denoting A, (x) = {a: a€Ay,lx—al < 27”} we have

Fk,n(x) - f(X) = fv,n(x) - f(X) + Z wv(f' a, (217 + 47‘[)/1711)1,[)11(9( - a) =
a€cA,(x)

(since Y, (x — a) #+ 0 only for a € A4,,(x))
> —w,(f,x,2/m) + ag}rilr(lx) wy(f,a, Qv + 4m)/vn)
> —w,(f,x,2/n) + w,(f,x,2/n) =0
since for every a € A, (x).
On the other hand,
Fen() = () < 0y(f,%,2/m) + max ,(f,a, (20 + 4m)/vn)
< w,(f,x,2/n) + w,(f,x, Qv + 8m) /vn) < 2k8~*+1, (f,x, (26k + 8m) /kn).

Then b) follows from a) taking the L, , (A) —norm of both sides. At the end, using property 4) of 1, we have

DR < [Dfun@] + D wy(f.0, v+ 4m)/vn DYy x = o)

a€Ay(x)

< |va,n(x)| + cw, (f,x, (2v + 8m)/vn) z 1.

a€A,(x)
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Taking L, ,(A) —norm from the both sides, using the property c) of f, , and the fact that we have only a finite
number of terms on the right hand side, we obtain c), with constant ¢ = c(k, §).

Lemma2.7. Letf € L, ,(A), 1<p < o.Then
Ex (N, e < cta(f, /M), 4 a)-

Proof. Setx; = irn™1,i=0,...2n, y; = (xji—1 + x)/2, i =1,...,2n, Y41 = y; and define the 2 —periodic
functions S,, and J,, as follows:
sup f(t) for x=y; i=1,...2n,
te[xi—q,%i]
_ max{Sy (¥;), SnYns1)} for x =x;, i=1,..2n,
Si0I=1 S0(-m) = 5, (m),
linear and continuous for x € [x;_1,y;]

and x € [y;, x;], i=1,..2n.
inf f(t) for x=y, i=1,...2n,
tE[xi—1,%;]

min{Jn Vi), Jn(n+1)} for x =x;, i=1,..2n,
@ =9 Jp(=m) = (),

linear and continuous for x € [x;_1, ;]

and x € [y;, x;], i=1,...2n.

Clearly, we have

Jn() < f(x) < $p(x), x € [-m,m]. ()

The derivatives S',,(x) and J',(x) of S, and ], exist at each point of the interval [—m, 7r] except the points x;, i =
0,..2n, y;, i =1,..,2n. Moreover, using the definitions of the functions S,, and J,,, we immediately have

IS, ()] < 2n~ Yo, (f, x;4mn™Y), x # x;,v;, (4)
V'm0l < 2nn~ o (f, x4mn ™), x # x3,y;,
(e.g.,ifx € (y;,x;), then as S, is linear we have
1S"2 ()] < 2nm ™S (Vire) — Sn ()| < 2nm ™ wy (f, x;4mn 1)),
and moreover,
0<S,(x)—Jo(®) < w.(f,x;2mn™1). (5)
It follows from (3) that
”S’n(x)”Lp_a(A) < Znn_lTl(f;‘“Tn_l)Lp,a(A): (6)
1 nCOLy, 4 < 2nm~ ey (FAn ™)L ()

Moreover, (4) gives

ISy _]n”Lpla(A) =T (f;znn_l)Lp,a(A)- )
Using Ex (f)1,, 4(a) < cn ™ lIf Il cayWe obtain from (5)
ErJf(Sn)Lp_a(A) < C(l)Tl(f;Al'nn_l)Lp,a(A); ErTUn)Lp‘a(A) < C(l)Tl(f;Ll'T[n_l)Lp‘a(A)- (8)
The following inequality is obvious:
En (FLpaca) < En Sndiy o) + 150 = Jnlli, o) + En Un)i, g a)- 9)

From (7)-(9) we obtain
Ex (f)Lp,a(A) <2c(Dry (f;4'7rn_1)Lp,a(A) + T1(f;27TTl_1)Lp,a(A) Scr (f;n_l)Lp‘a(A)'
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Lemma 2.8. [24]. Let r be a natural number, r = m, and D“f € L,, for |a| < 7,1 < p < . Then there exists a
polynomial S € m,, such that

[06F =), < cCm,rmlfi=r > Dol
la|=r
For every multi-index g such that || < 7.
Remark. Similarly for every two functions f*,f~, f* > f > f~ we obtain
Lemma2.9. Let f € L, 4 (A), f* € L, o(A),f~ €Lyqa(A)and f* > f > f~.Then

T (f, O iyaa) < (51, 0y + T 81, gy + 257 01 (FY = F7 k)1 oy + 257 = £ MLy o)

we have:

4 (Po = O k), ) < 2068 ID Py = Q) - (10)
Since ”D(:Pn - Qn)”Lp'a(A) < n”?n - Qn”Lp_a(A) (?n; Qn € nn) we obtain from (5):
71 (P — O, k6)Lp_a(A) < 2(kén)||P, — Qn”Lp,a(A) = ZEn(f)pra(A)(kdn)- (11)

From (4) we obtain:

(81 o) < Tk Pas Oy i) + T (@ Oy oy + 2871 (1 + 2k En(f)) (12)

Lpa(4)
Let us estimate 74 (P, 8)1, (4 (the estimation of T (Qn, 6)Lp’a(A) follows the same way). Setting n = 2% and
using property of 7, we have:

T (P, 8) 1, 4 a) < Yo T (Pyi — Pyic1, 5)%&(/,) + T (P1 = Po, 61, o (2)- (13)
Since g = P,i — P,i-1 € my, We obtain:
T, (9, 6) 1, (a) < ¢k, 8)81IDG L, o a) < c(k, 6)62illg||Lp‘a(A)' (14)
Letd =n~1=27% Then§ < 27! fori < s, and §2¢ < 1. Therefore from (7) we obtain
T (P, — ?Zi_l,a)w w < ak, 8)§k2%|| P, — ?Zi_1||Lp‘a(A) < 2¢1(k, 8)8"2%E s (F)1,, () (15)

where the constant ¢, (k, §) depends only on k and §&.
From (6) and (8) we obtain (E_; = E;,6 =n™1)

So

Tk (‘7)‘!1' n_l)Lp,Ol(A) = 2 2C1 (k' 6)n_k2ik Ezi_l (f)Lpr“(A)

=0
< ¢ (k, SN XTI o(s + 1)k_1Es(f)Lp‘a(A)v (16)
where the constant ¢, (k, ) depends only k and m.
Similarly
Tk (Qn, n_l)Lp,a(A) < c3(k, SN KT o(s + 1)k_1Es(f)Lp,a(A)- (17)

Inequalities (4), (9) and (10) (for § = n~1) give Theorem 3.2 in the case when n = 2% Transition to arbitrary n is
standard.

3. Main results
We shall prove the following Jackson % type theorem for the best one variable one-sided approximations:

Theorem 3.1. Let f € L,,(A) and 1 <p < oo. For every natural number k there exists a constant c(k, &)
depending only on k and the one dimension &, such that
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En(f)Lp,a(A) < c(k, Ot (f, 1/1) 1, 4 a)
Proof

First we shall prove the case k > 1. Using the function Fj, ,, from Lemma 2.6, we get

ET-Il,— (f - Fk,n + Fk,n)Lp’a(A) S ||f - Fk,n”Lp'a(A) + ET-7|.— (Fk,n)Lp‘a(A) S C(k' 6)Tk(f' 1/n)Lp'a(A) + ET-1|.— (Fk,n)Lp‘a(A)-

To estimate E; (Fk,n)L “ we use the polynomial from Lemma 2.8, Lemma 2.7, the estimate of the first averaged
p.a
modulus by means of mixed derivatives, Lemma 2.8 and Lemma 2.6. We get

Ejf (Fen) Lat) = Ef(Fen—S) Ly a8) < c(8)t1(Fyn — S, 1/n) Ly a8) < c(8)nY||D(Fyn — S)||LW W

< c(k, 8)n"¥||DFnl|, < c(k, 6T (f, 1/, o (a)-

pa(4) —
We have obtained that for k > & we have
Eq (FLyaa) < ¢k, 8)Ti(f, 1/0) 1, 4 (a)-
In the case when k < § we use the fact that t5(f, 1/n)Lp,a(A) < c(k,6)t (f, 1/n)pra(A) and therefore we have the
needed inequality again.
We end the proof with the following:
E, Ly = Ey Py T En iy = Ex Prpa@ + Ex (=f)n
< ek, O) i (f, 1/, (a) + €k, )T (= f, 1/M) 1, fa) = 2¢(k, 6) T (f, 1/, o )

Theorem 3.2. Let f € L, o (A). For every natural number k there exists a constant c(k, §) depending only on k and
6 such that

n

T (f, /1)1, 0 (a) < c(k, s)nk Z(U + 1)k_1Ev(f)Lp,a(A)-

v=0

Proof. Let for every natural number n the trigonometrical polynomials ,, € m,,, Q,, € m,, be such that
En(f)Lp'a(A) =%, — Qn”Lp,a(A)

0, (x) < f(x) <P, (x), xER.
Let x € A be fixedand y,y + kh € A.

If 0 < AKf(y), then

0 <8870 = Y s (5)ror+am < y (5) 7+ - y WERRYD
#=0 #=0 7=0
. j=k(mod 2) j=k—-1(mod 2)
R0 -y () @+ - R+ m)
7=0

7=k—1(mod 2)
k
k
=amo+ Y ()P0t = a0+ 1)~ (Pa) ~ 040

#=0
j=k—1(mod 2)

+ i (5) @ - 2u)

#=0
j=k—-1(mod 2)
=< A;i?n(Y) + Zk_lwl(spn - Qn: X, k5) + 2k—1(spn(x) - Qn(x)),
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i.e.

0 < AFf() < ARPR (1) + 257 w1 (P — Oy %, k6) + 2577 (P (x) — Qn (). (18)
Analogically in the case A £(y) < 0 we obtain:
0 < —ARf ) < [ARQn )| + 257 w1 (P — O, %, k) + 2571 (P (%) — Qn (1)) (19)
From (13) and (14) it follows :

W (f, %,8) < 0 (P, %, 8) + W (Qn, %, 8) + 27 w1 (P — O, X, k6) + 2871 (P () — Qn (1)),
e.g.
Tk (f, 81y () < T (P 6) 1y ) + T Qs 6Dy () + 2k 11y (P, — On, k)1, () + Zk_lgn(f)Lp‘a(A)' (20)

Theorems 3.1 and 3.2 give us
Corollary 3.3. Let f € L, ,(A).For 0 < a <k,1 < p < o, the following two conditions are equivalent:

i) T (f, 5)Lp_a(A) =0(6%)
i) En(Piyum = 0079,

This Corollary gives characterization of the best one-sided trigonometrical approximations in L, ,(A),1 < p < oo,
by means of the averaged moduli of smoothness in the one-dimensional case. This characterization is similar to the
classical characterization of the best trigonometrical approximations in L, ,(A) by means of the classical integral
moduli of smoothness wy, (f, S)LM(A).

4. Conclusions
In this study, we have found the degree of best one-sided trigonometrical approximation of unbounded functions for
one variable in weighted L, , (A) —space in terms averaged modulus of smoothness. The direct theorem and inverse

theorem of trigonometric polynomials have been proven, we obtain the equivalence.
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