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ABSTRACT
Many researchers related to the degree of unconstrained approximation to constrained

approximation, and proved the inequality: For a continuous function f on a closed interval we have

E.(f) < CEP(f) (*)

where C is a positive constant. The converse of the relation () is not achieved, so we will obtain the
converse of the relation (x)under some conditions on f which belonging to quasi normed spaces.
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1. Introduction

Do not be surprised if | tell you that the degree of constrained approximation is worse than
the degree of unconstrained approximation. This is what many researchers have proven[1],
[2], [3]. In this paper, we will prove that under some conditions the two degrees can be
equivalent. In [4] E. S. Bhaya, studied on the constrained and unconstrained approximation,
in[5] M.S.AL-Muhja, H. Akhadkulov and N. Ahmad, introduced Estimates for constrained
approximation in Lg:f space: piecewise polynomials, in[6]K.A. Kopotun, D.Leviatan and
A.V.Prymak, discuss constrained spline smoothing , in[7] prove that the degree of co
monotone, sequentially, coconvex approximation, of f ,through algebraic polynomials of
degree < n,n > N, istoo < c(a,s)n"9%, where the constant N depends only on the area of
the maximum , sequentially, deviation points in (—1, 1) and on a.
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in [8],[9] K.A. Kopotun, D. Leviatan, and I.A. Shevchuk , discuss , are the degrees of best
(co)convex and unconstrained polynomial approximation the same?

Many researcher work on the upper bound of E,(lh) (f)isthecase h =1, itmean f'(x) =0
fora <x <b,a,b €IR.In[10] Lorentz and Zeller proved that for a continuous function
on the interval [a, b ], that satisfies

FM(x) > 0that E,(f) < EP(f).

In [11] Lorenz proved that if f*)(x) >0 forany a<x < b andi = 1,23, ,q, then

there exists ¢ > 0 such that for positive consistent E,(lhi) (f) < c E,(f). In[12] Roulier, put
conditions on (f) to insure for n — oo,

ES(F) = E,(f).

BV
En(f)

In [13] Roulier gave some conditions to get
of f'.

c(f"), where c(f")is constant depends

We obtain an estimate for the degree of best approximation once for h = 1 and another for

any h. Then we relate E,(lh)(f) to E,(f) by a constant independent on f'. These all for
Lebesgue integrable functions.

Let the Lp space forO<p <1

1

1
Lyroa) =3 f + [0,1] — IR, with flf(x)lp dx | <oop.
0

On  L,o,1jWe define the quasi norm

1
I7l, = [rwra) o<p<i
0
For p = oo, we have x € [0,1]

171, = 171, = supxeo | F@ |- [14]
Before we define the degree of best approximation of f € L, ), let us introduce
P ={P(x) = ag + a;x + agx? + -+ + a,x™ of degree <nj},
and let

MTl = {Pn(x) € :PTl : Pn(xO’xllei """ 'xh) 2 0}1
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let
M ={f €Ly : f(x0 %1, %5, ,xp) = 0},
The space of h-monotone function.

A function £:[0,1] — IR is said to be h-monotone h > 1, on [0,1] iff for each choices of

(h + 1) distinct points xg, x1 =+« -+ , X, in[0,1] the inequality
f(XO'XDXZ' """ !xh) = 01
h
f(x;)
f(xlelleP """ !xh) = ZO CU’(.'Xl'i) .
]=

Is the h-divided difference of functions defined on the interval [0, 1] is . [14]

h
0@ =] [e-x.
i=0

We define for f € M the degree of monotone approximation
EWV(f)p = inf ||f = Bull,[15]
PL,EM,
where P, € M,, and f € M, and the degree of monotone approximation

En(f)p = inf ||f =Bl [15]

Be the degree of unconstrained best approximation[16] .

For p = oo, we shall denote
En(f)p = En(f)
ES(F)p = EXV ().

The ordinary modulus of continuity of f € Ly 1 IS

0,8y = swp |fex+m)-FeO,

o<|h|<s

2.The Main Results
In this section we present two theorem that we need in our work.

Theorem 2.1

If £ is monotone in Ly ), and satisfy the condition
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(f(xz) - f(x1)) > M(x; — x1),

where M is a positive constant, for 0 < x; < x, < 1. Then

c(p) 3E, 1
E,(f)p < En(—f)p (w (7 'E>p + En(f)p>

Ex(f)p < c(P)En(f)y-
Where c(p) is constant depending only on p.

Proof.

Choose Q,, be a best approximation to f € Ljo4], i.€
En(Np=[f = ull,
Qn(x2) = Qux) = f(x2) = f () = | FGr) = Quxe) | = [ F(2) = Qu(x2) |
> f(x2) = fO) = [ FGe) = QuCx) ||, = 1/ G2) = @n G2,
= £(xz) = f(1) = 2En(f)y
> M(xy — x1) — 2E,(f)p-
If  (M(x; —x1) — 2E,(f)p) > En(f),, then

M(x; — x1) = 3En(f)p >0
3
(xz - xl) > MEn(f)p-

3
0u() = Qnlir) > M (2 En(F)y ) = 2By

= En(f)p > 0.
Define
En(f) En(f)
(1—3 o p 3 o p)x
M
Py (x) = f Qu(D)dt,
3Ea (P 3
(1—2En(Pp )%

we have

_ 3By | 3By
M M

0= (1 Jx<1,and0 < (1-2E,(f),)x <1.
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For1 > x > 0, we have B,(x) > 0.

If

| 3B _
M

<x,t< (1 —2E.(N)y + 3En(f)p)x,

definition of the modulus of continuity implies

I7G = r@l, < o (GEn [x—tl)

3En(fNp 3En(Np
(1- Z2le 4 Enle),

M 3
lro=rl, =V -7 j( ! =0, |,
1- MEnf p)x

3En(f)p 3En(f)p
(1‘ —wm T T)x

M
I35 3 f (f@) = u(®) dt |,
1- 2En(Np)x

3En(Np 3En(fp
(1— i + i )x

M
=350, | | (F@) = F(O + @) — u(®) de ],
(1- ZEa(N)p)x

M
o < IF = Rull, < 357

M 20
=3 <f>p<"f r@-rol,+| | f(t)—Qn(t)||>

1

| [(reo - 7@+ 7@ - @) e,
0

mrt ([, P /1 x
ngn(f)p<<0j|0f(f(x)—f(t))dt|pdx> +<0J|0J|f(t)—Qn(t)|dt|pdx>

32

1

)
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S

c(p) 2%_1 / <F! ; g
< > =1 [ ro - rorae]
1 0

<SP \ ) +Of | £(O) = a0 | dt

S

14 n n p
c(p) 2» 1,1
=Sy \ 2w QLU0 = 100)

1
1 =
= 1 P

|f<xi)—f(yi)|p) - f | F(6) = Qu(0) | P dt
0

< c(p)2v ' <Zn: 1 -«
= p
3E,(f)yp i n.n i

)
)

S0
c(p) 2%_1 3E, 1
||f—Pn||p < 3E.D, (w (W’E)p + En(f)p)-
This implies
Ex(f)p < c(®)En(f)p.
Theorem2-2.

Let f € L,[0,1]be monotone function and assume that f is positive bounded function on
Ly[o,1- Then if f is not polynomial, then

B,

im < 4.
n-w By (f)p
Proof :-

Assume there exists b > 0 such that f(x) > b. Let a be a positive constant greater than 1.
Choose k so large that

Ex(fp < Gt o)
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Let P,be the polynomial from P, of best approximation to f € Ly(q 1.
Let h(x) = f(x) — P(x) + (1 + a)Ex(f),. Then we have

aEx(fp < f(x) = Pe(x) + (1 + )Ep(f)p < (2 + )E(f)yp
Now let
¢(x) = fh(t)dt
(x) = f(x) = Qr+1(x) &,
where

Qmuw=fmyyﬂmaywl+mmvbwt
0

M@=ﬂ@—ﬂm+ﬂ&®—ﬂ+@hﬁbwt
0

Qr+1(x) = Pe(x) = (1 + @) Ex (f)y
=P () = f(0) + F(0) — (1 + D E(f)p
2 f(x) =2+ )E(f)yp

b
(3+a)

>b—-—2+a)

_ b
T Gta)

From (1)
aEp(f)p < (%) < (2 + @)Ex(f)y-
From theorem2.1 we get for n sufficiently large
2+a
EA@), < (T + 1) Ea9),

That is, for n sufficiently large,

34

1)

(2)
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1
EA@)y <2(1+-) Eu(@),.
n = k + 1, we get by (2) and the monotonicity of Q.
En(¢)p = En(f)p

En(Np = inf |If =Pl
Ex(f)p = inf |[f =Bl

En(@)p = En(f)y.

Ex(¢)p = inf |f =P,
PLEM,

?E(Tf;zsz(ui)

for n sufficiently large
<2(1+1)=4.
Conclusion

usually the degree of unconstrained approximation is less than the degree of constrained
approximation. In this paper we were able to obtain the opposite relation for E,, (f) <

C E,(lh) (f) under some conditions
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