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Due to the importance of integral equations in engineering and scientific applications, there are 

many papers that have solved integral equations of both linear and nonlinear types.In this paper, 

Karry-Kalim Adnan transform (KKAT) is utilized to find the solution of convolution kind linear 

Volterra equations of the first and second kind. Examples are offered to illustrate the Karry-

Kalim Adnan technique for solving convolution kind Volterra operator equations. It was noted 

that this technique is much easier in terms of mathematical operations and simplicity in arriving 

at the exact solution and this is explained through the applications in the paper.  

This is an open-access article under the CC BY 4.0 license (http://creativecommons.org/licenses/by/4.0/) 

The official journal published by the College of Education at  Mustansiriya University 

Keywords: Karry-Kalim Adnan transform; Volterra integral equations; Convolution kind Integral equations. 

1. Introduction 

Linear Volterra Integral equations of the     type is defined as: 

 ( )   ( )   ∫   (   )
 

   

  ( )   

Where  ( ) is unknown function that will be determined,    (   ) is the kernel of the above equation and    is any parameter 

[14, 16].The     type linear Volterra integral equation is constructed by   ( )  ∫   (   )
 

 
  ( )  . 

The integral transform techniques are among the most widely utilized mathematical methods to evaluate the exact solutions of 

problems in physics, natural sciences and branches of engineering without large computation labor. There are many integral 

transformations to find the solution of integral equations such as. The Laplace transform is the most popular of these 

techniques. In [5] revealed how to apply the Sumudu transform to find the solution of integral equations of the convolution 

kind. In [18] evaluated convolution kind Volterra equations of     type and [13] obtained the exact solutions of convolution 

kind linear Volterra integral equations of first type via utilizing the Elzaki technique. In [17] proved how to solve the 

convolution kind linear Volterra equations via aid of Mohand technique. In [1-4] applied Kamal, Aboodh, Shehu and Mahgoub 

transforms techniques to find the solution of linear Volterra equations with an integral in the formula of a convolution. In [10] 

applied Tarig transformation technique to solve the convolution kind linear Volterra equations. In [11, 12] used Kharrat –Toma 

and Kashuri–Fundo transformations to find the solution of convolution kind linear Volterra equations. In [6-9] applied SEE and 

complex SEE transforms to solve the convolution of integral equations. An integral transform, the Karry–Kalim Adnan 

transform (KKAT) , was described by D.P.Patil , K.J.Patil and S.A. Patil  [15] in this reference applications of ordinary 

differential equations, growth and decay problems were solved . They showed some properties and propositions of this 

transformation for ordinary differential equations. The purpose of this article is to apply the KKAT transform technique to find 

the exact solutions of convolution kind linear Volterra Computational work. The main goal of using this technique to solve all 

types of integral equations accurately is to reduce difficult calculations and make them simpler than direct methods. 
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There is no integral transform that is better than any other transform because each transform has the peculiarity of simplifying 

the mathematical operations according to the problem on the basis of which the transform was proposed. Every integral 

transform has an advantage in solving a specific application [21]. This application may have an exact solution that cannot be 

obtained except after difficult calculations. This is why many integral transforms with one parameter, two parameters, or three 

parameters have appeared, and here they are. These parameters play the essential role in arriving at an accurate and easy 

solution.   

We will provide essential regarding the KKAT transform technique. 

Definition of KKAT [15] 

A transform defined for function of exponential order from set B. 

B={g(x) : there exists p ,      > 0 , | ( )|      
| |

      ,   )           +                           ( ) 

Where p is a finite constant and         may be finite or infinite. 

KKAT is represented via operator  * + and is defined as: 

 * ( )+  
 

 
∫  (  )

 

 

                     ,     - 

Where s and v are parameters and v, s    

 * ( )+  Can be written as: 

 * ( )+  
 

  
∫  ( )

 

 

  
 
 
     .

 

 
/                                                                                              ( ) 

Also  

 ( )     { .
 

 
/}  

 

   
∫    (

 

 
)

    

    

  
 
 
    

                                              

 

Some important formulae of KKAT integral transform, [15] 

Function 

 ( ) 
           * ( )+  

 

  
∫  ( )

 

 

  
 
 
    

  .
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 (    )
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   ( ) 

    ( ) (    )

 
  (      )  

             ( )                                  

     
 

           ( )                                

 (     )
 

          ( )                                                        . 
 

     
. 

    ( )  

 (     )
 

 

Application of KKAT on the integral function [15] 

If   ( )  ∫  ( )
 

 
           {∫  ( )   

 

 
}  .

 

 
/  .

 

 
/. 

Now in this theorem we will prove the convolution to KKAT transform: 

Theorem (1.1): (Convolution Theorem)  

Let   ( )       ( ) have integral transform   .
 

 
/        .

 

 
/    

                                                                    

      ∫   ( )
 

 

   (   )       .
 

 
/    .

 

 
/  

Proof: 

 *     +  
 

  
∫   

 
 
 

 

 

∫  ( )
 

 

   (   )      

 
 

  
∫   ( )

 

 

  ∫   
 
 
 

 

 

   (   )      

 
 

  
∫   

 
 
 

 

 

  ( )   ∫   
 
 
  

 

 

  ( )        .
 

 
/    .

 

 
/  

2. Main Results 

In this paper, we focus on the convolution kind kernel   (   ) which is expressed as the difference 

(   ) .The convolution kind LVIESK (        )has the formula: 

 ( )   ( )   ∫   
 

 
(   ) ( )   . 

And the convolution kind LVIEFK (        ) is written as: 

 ( )  ∫   (   )
 

 
  ( )  . 

Theorem (2.1): The solution of convolution kind LVVIEFK   

 ( )  ∫   (   ) ( )                                                                                                         ( )
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is given as: 

 ( )     { .
 

 
/}     {

 

  

 * ( )+

 *  ( )
}   

Where    is the kernel and K{V( )+   .
 

 
/. 

Proof: 

We can write  

 * ( )+   {∫   

 

 

(   )  ( )   }  

 * ( )+   *  ( )   ( )+  

By taking KKAT to either side of eq. (3). By implementing convolution theorem for KKAT, we obtain: 

 * ( )+      *  ( )+  * ( )+, 

 * ( )+  
 

  
 
 * ( )+ 

 *  ( )+
                                                                                                                               ( ) 

Having used the inverse KKAT on either side of eq.(4) , we get  

 ( )     { .
 

 
/}     {

 

  

 * ( )+

 *  ( )
}    

This represents the desired solution. 

Theorem (2.2) 

The solution of convolution kind LVIESK 

 ( )   ( )   ∫   (   )  ( )                                                                                                ( )
 

 

 

Is given as: 

 ( )     { .
 

 
/}     {

 * ( )+

       *  ( )
}  

Where   is the kernel and  * ( )+   .
 

 
/  

Proof: 

Taking the KKAT on either side of VIESK eq.(5) , we get: 

 * ( )+   { ( )   ∫   
 

 
(   )  ( )   }, 

 * ( )+   * ( )+    {∫   
 

 
(   )  ( )   }, 

 * ( )+   * ( )+    {∫   ( )
 

 
  ( )}. 

We find the following expressions: 

 * ( )+   * ( )+       *  ( )+   * ( )+ 

 * ( )+  
 * ( )+

       *  ( )+
                                                                                                                           ( ) 
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By using convolution theorem for KKAT. Having used the inverse KKAT on either side of eq.(6) , we get 

the solution is  

 ( )     {
 * ( )+

       *(  ( ))+
}. 

3. Application 

This part explains how to find the exact solution of convolution kind linear Volterra equations utilizing the 

KKAT by some important applications. These applications were taken from the reference [20] and applied 

to KKAT technique. 

 Application (3.1) 

Apply the KKAT technique to find the solution convolution kind LVIEFK: 

    ( )  ∫     
 

 

  ( )     

Let’s taken  * ( )+   .
 

 
/                           

 *    ( )+   *∫     
 

 

   ( )   +     

 

 (     )
  *    ( )+                                                                                                                       ( ) 

By implementing the KKAT. Utilizing convolution theorem for KKAT on eq.(7) , we get: 

 

 (     )
     *  +  * ( )+   

 

 (     )
     

 

 (   )
   .

 

 
/   

 .
 

 
/  

 

 (   )
  

Therefore, we write 

 * ( )+   .
 

 
/  

 

 (   )
                                                                                                              ( ) 

Having using the inverse KKAT on either side of eq. (8), we obtain: 

 ( )     {
 

 (   )
}        

Consequently, we arrive at the answer as: 

 ( )       

Application (3.2) 

Evaluate the solution of convolution kind LVIESK 

 ( )     ( )  ∫ (   )    (   )  ( )     
 

 

 

Applying the KKAT technique. 
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Assume that  * ( )+   .
 

 
/. Having used the KKAT 

 * ( )+   *   ( )+   *∫ (   )    (   )  ( )    + 
 

 

 

  *   ( )+   *    ( )   ( )+   

Now, by implementing convolution property for KKAT, it is found as: 

 .
 

 
/   *   ( )+      *    ( )+  * ( )+   

 .
 

 
/  

 

     
    (   

  

  
*   ( )+      *   ( )+) .

 

  
/  

 .
 

 
/  

 

     
 

         

(      ) 
 .

 

 
/   

Therefore, we get: 

 * ( )+   .
 

 
/  

      

       
     

Take the inverse of KKAT, we get the exact solution is  

 ( )  
 

 
 

 

 
   (√  )    

Application (3.3) 

Take the I.V.P (initial value problem) 

{
 ́́( )    ́( )    ( )   

 ( )                   ́( )   
 

This is equivalently to Volterra equation: 

 ( )    ∫ (       ) 
 

 

 ( )     

The above equation can be expressed as 

 ( )     ∫ (   )  ( )   
 

 

  ∫  ( )                                                                                          ( )
 

 

 

If we use KKAT on either side of eq.(9), it is found as: 

 * ( )+   * +    *   ( )+    *   ( )+    

Suppose that  * ( )+   .
 

 
/  Considering the convolution property for KKAT, we get: 

 .
 

 
/  

 

  
      * +  * ( )+      * +  * ( )+  
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Therefore, we obtain: 

 * ( )+   .
 

 
/  

 
  

(  
   

   
  
 )

 
 

  (
          

  )
   

Then having used the inverse KKAT, and after simple computation, we get: 

   { .
 

 
/}  

 

 
   {

 

 (   )
}  

 

 
   {

 

 (    )
}  

Consequently, we have the solution as: 

 ( )  
 

 
(        )  

4. Conclusion 

The KKAT technique is applied to evaluate the exact solution of the Volterra integral equations (VIE's) of 

the convolution kind. The presented applications illustrate that the KKAT gives the exact solution of the 

convolution kind equations as the other integral transformation, and further requiring less time and effort 

in computational work to get exact solution of operator equations. KKAT technique: through the problems 

above, we noticed the ease of solving all types of integral equations.  
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