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Introduction

In this research, all modules are unitary left modules and let R be a commutative ring with identity. A proper
submodule D of an R-module M is referred to be essential and denoted by (D <¢ M) if for all H € M where H# 0 we have
DNH=0 [1]. Let M be an R-module and D € M since D # 0, D is referred to be annihilator essential submodule (briefly
ann-essential) of M if DN H =0 then ann(H) €° R for all H € M. Equivalently: Let 0 = D € M, D is referred to be
annihilator essential submodule of M if DN H # 0, for all H € M such that ann (H) is not essential in R [2]. Essential
submodules have been extensively studied and generalized by various authors see ( [3], [4], [5]). A submodule D of M is
referred to be small in M denoted by D <° M if for some H € M withD + H = M then H = M [1],[6]. A module M is
referred to be hollow module, if every proper submodule in M is small in M [1],[7],[8]. If D € M and D has no proper
essential submodule of an R-module M then D is referred to be closed submodule and denoted by (D <€ M)[9],[10],[11].
Similarly, If D has no proper ann-essential in M, it is called annihilator closed (briefly ann-closed) denoted by (D €%¢ M)
[2]. The set Z(M) = {m € M: ann(m) <° R} where ann(m) = {r € R:rm = 0} is the singular of an R-module M, if
Z(M)=M then M is referred to be singular module, if Z(M) =0 then M is referred to be non-singular module
see[11],[12],[13] A module M is referred to be uniform modules if for all D € M where D # (0) and D <¢ M[14],[15],[16].
A module M is referred to be annihilator  uniform  module  (briefly  ann-uniform) if
forallD € M where D # 0 and D €%° M [2]. A submodule D of an R-module M is referred to be fully invariant denoted
by (D €/t M) if every endomorphism a: M — M, a(D) < D[17],[18]. There are many generalizations of the ring theory in
general see ([19],[20],[21)).

This paper is divided into three main sections, In the first section, we will present the concept of small annihilator
essential submodules. Which generalizes essential submodules. We define a submodule D as a small annihilator essential
submodule (briefly SAE-submodule) of M denoted by D =5%¢ M if D n H = 0 implies that ann(H) €° R, for all H S° M.
In addition, investigate properties and characterizations of small annihilator essential submodules. In the second section we
introduced a new concept, which is one of the generalizations of closed submodules, called small annihilator closed
submodules, where D is referred to be small annihilator closed submodule of M (briefly SAC-submodule) denoted by
D c5%¢ M if D has no proper SAE-submodule in the module M. In the third section we introduced the concept of small
annihilator uniform modules which is one of the generalizations of uniform modules since an R-module M is referred to be
small annihilator uniform module (briefly SAU-module) if for all D € M where D # 0 with D <5%¢ M. And examines their
properties and relationships with other module concepts.

Throughout, various properties, characterizations, and examples of these concepts are explored to deepen the
understanding of the structure of submodules in R-modules M.
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1.Small annihilator essential submodules.

Definition(1.1): Let M be an R-module and (0) #= D € M .then D is referred to be small annihilator
essential submodule of M (briefly SAE-submodule) denoted by D c5*¢ Mif DN H =0 implies
ann(H) €° R, forall H €° M.

Equivalently; Let 0 #= D € M.then D is SAE-submodule if DNH # 0, forall H<S® M such that
ann(H) €° R.

Examples and Remarks (1.2):
1. Every essential submodule of an R-module M is SAE-submodule.

Proof: Let D <€ M such that D N H = 0 where H €5 M, since D is essential so H = 0 and ann0 =
{freR:r.0 =0} =R <S°R.Hence, D S5%¢ M.

But the opposite is not true. As, M = Z, as Z-module, both submodules (2) and (3) with (2) N4 =
0 and (3)NA= 0 where A=0 and 0 is small with ann0 =Z <¢ Z hence (2) and (3) are SAE-
submodules in M which it is not essential.

2. Every ann-essential submodule is SAE-submodule.

But the opposite is not true. As, M = Z, as Zg-module. (2) S5%¢ M, but (2) €%¢ M since (2) N
(3) = 0 and ann(3) = (2) which is not essential of Z.

3. Let M be an R-module, then M c5%¢ M.
4. Let D be a submodule of a hollow R-module M. If R is semi-simple ring then D is ann-essential
submodule if and only if D is SAE-submodule of M.

Proof: = Clear from (2).

& LetD c5%¢ Mandlet H € M suchthat D n H = 0 since M is hollow and since D is SAE-
submodule of M so ann(H) <€ R. But R is semi-simple ring. Thus, ann(H) = R so H = 0 hence
D c*¢ M.

5. Let D be a submodule of a hollow R-module M. If R is semi-simple ring then D is essential
submodule if and only if D is SAE-submodule of M.

Proof: = Clear from (1)

& Let D ©%%¢ M since R is semi-simple ring then from (4) we have D €%¢ M. Also by [2, remarks
and examples (2.1.2) (6)] we get D €¢ M

6. If M is singular R-module then all its submodules are SAE-submodules.

Proof: Let D € M. To prove that D €5%¢ M. Let H €° M such that D n H = 0. But M is singular thus,
ann(H) €° R. Then D =5%¢ M.

But the opposite is not true where we not that D =*%¢ M for every submodule D in M while, M is non-
singular module. For example, M = Z as Z-module.

Example(1.3): Let M = Z,, as Z-module. All the submodules of M is SAE-submodule since:

Z4 Essential Ann-essential SAE-submodule
Zun v v v
(2) X v v
(§) X v v
(6) x v v
(7) % v v
(ﬁ) X v v
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1) x v v

(0) x v v

The next results give the properties of SAE-submodule.
Remark (1.4):[22]

Let D and H be a submodules of an R-module M:

1. If D € H then ann(H) S ann(D).

2. If D isasubmodule of M and « : M — M, is a homomorphism then ann(D) S ann(« (D)).

3. ann(D + H) = ann(D) n ann(H).

4. Leto: M — M; be an R-monomorphism and let D be a submodule of M then ann(D) = ann(x
(D)).

From remark (1.4), we have the next generalization.

Proposition(1.5): Let both M and N be an R-modules and a:M — N be a monomorphism. If
D c5%€ N then <=t (D) 5% M.

Proof: Let H €SS Mand « 1 (D)NH =0 so a(x}(D)NnH) =0 then Dna(H) =0, since D is
SAE-submodule of N so ann(a(H)) €° R. since a is monomorphism so by remark (1.4) we get
ann(H) = ann(a(H)). Hence ann(H) <° R.

Proposition(1.6): Let M and N be an R-modules and a: M — N is an isomorphism. If D =€ M then
O((D) gs.a.e N

proof: Let H €5 N such that a(D) N H = 0. Where « is monomorphism we get D No<™* (H) = 0.D is
SAE-submodule of M so ann(e™! (H)) €¢ R, ann(«™! (H)) € ann(a(x<~! (H))) S R by remark
(1.4) since a is epimorphism so we get ann(x~! (H)) € ann(H) € R. Where ann(x~! (H)) €° R so
we get ann(H) ¢ R. Then a(D) S5%¢ N.

Proposition(1.7): Let M be an R-module and D,H € M such that D € H € M.If D <5%¢ M then
H gs.a.e M

Proof: Let W &S M such that HNW =0 where DS H so DnW =0, since D c5%¢ M so
ann(W) €€ R. Hence H <5%¢ M.

The contrast cannot be considered valid. As, M=Z3; as Z-module and let (18) € (6) € Zsg,
(6) ©5%¢ Z, but (18) £5%¢ Zy. Since (18) N (12) # (0) and ann(12) = (3) S¢ Zs,.

Corollary(1.8): Let D;, D, are submodules of R-module M. If D; n D, <5%¢ M then both of D;and D,
are SAE-submodules of M.

Proof: Since Dy nD, € D, € M and D, n D, € D, S M. So by proposition (1.7) we have D; €5%°¢ M
and D, c5%¢ M.

Corollary(1.9): If D, H are SAE-submodules of an R-module M then D + H is SAE-submodule of M.
Proof: Since D € D+ H € M and D <%%¢ M. Then by proposition(1.7) we get D + H <5%¢ M.

Proposition(1.10): Let M is an R-module. If Dc®*W c M and D; S5*° W; €M then D n
D, 5% W N W;.

Proof: Let H &5 (W nW;)suchthat (DND,)NH=0soDN(D,NH)=0sinceDNHECHCW
and D is essential submodule of W. So D; N H = 0 with H €° W, and D; is SAE-submodule of W, we
getann(H) <° R.Hence D N D; 5% W n W;.

The following proposition demonstrates that the direct sum of SAE-submodules is itself an SAE-
submodule.
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Proposition(1.11): Let D, € M; € M and D, € M, S M and M=M;@®M,. Then D;®D, &5%° M,;®M,
if and only if D; €5%¢ M; and D, S5%¢ M,.

Proof: «Let H €° M such that H = H{®H, with H; €°* M; and H, S°* M,, let DN H =0 so D; N
H,=0 and D, N H, =0 since D; &5%¢ M; and D, =5%*¢ M, we have ann(H,) and ann(H,) are
essential submodules of R. Hence D = D;®D, 5% M = M, ®M,.

= Let H=H,®H, <°* M with H; €°* M; and H, €° M, such that D; n H;=0 and D, n H,=0 . Then
(D:®D,)N(H;H,)=0 since D;@®D, is SAE-submodule of M;®M, so ann(H, + H,) €° R. By [22]
we get ann(H; + H,)=ann(H;) N ann(H,) then ann(H;) N ann(H,) is essential submodule of R.
Since ann(H,) N ann(H,) € ann(H;) € R so ann(H,) €° R and since ann(H,) N ann(H,) S
ann(H,) € R so ann(H,) ¢ R.Thus D; €5%¢ M; and D, =5%¢ M,

Definition(1.12): An R-homomorphism a:M — N where M and N be an R-modules is referred to be
small annihilator essential homomorphism (briefly SAE-homomorphism) if a(M) €€ N.

Proposition(1.13): Let M be an R-module and D € M. Then D <5%¢ M iff the inclusion function
i:D = M is SAE-monomorphism.

Proof: Let i be SAE-monomorphism so Im(i) is SAE-submodule of M. Since m(i) = i(D) = D so
D gs.a.e M

Conversely, since i is R-monomorphism and i (D)=D and D <%%¢ M. Hence i is SAE-
monomorphism.

Example(1.14): Let M= Zg @ Z, as Z-module. Then all the submodules of M are:
N:={(1,0),(2,0), (3,0, (4,0), (5,0),(6,0),(7,0),(0, 0)}.
N,={(2,0), (4,0), (6,0), (0,0)}.

N;={(4,0), (0,0}.

N,={(0,1), (0,0)}.
Ns={(1,1),(2,0),(3,1),(4,0),(5,1),(6,0),(7,1),(0,0)}.
Ne={(2,1),(4,0), (6, 1), (0,0)}.

N;={(4, 1), (0,0)}.

Ng={(2,0), (4,0),(6,0),(2,1),(4,1),(6,1), (0, 1), (0, 0)}-
No={(4,0), (4, 1), (0, 1), (0, 0)}.

N:o={(0,0)}.

N1;={(1,0),(2,0), (3,0), (4,0), (5,0),(6,0),(7,0),(0,0), (0, 1,
11,2 D,G1D,%1),(51),61D,7D}
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Zs®Z, essential ann-essential SAE-submodules
N, X v’ v
N, X v
N, X v v
Ny X v’ v
Ns X v’ v
N X v v
N, X v v
Ng v v’ v
N v v v’

Nio X v v
Ny, v v v

Definition (1.15):

Let M be a non-zero R-module is referred to be small-totally essential module (briefly STE-module) if
for all(0) # D <5%¢ M then D <° M.

Remarks and Examples(1.16):

1. Z, as Z-module is STE-module.
2. Every uniform module is STE-module.
3. Zg as Z-module is not STE-module.

Example(1.17): Let M = Z;, as Z-module.

Z30 Essential Ann-essential SAE-submodules
Z30 v v v
(2) x X x
(§) x x x
(g) x x X
(6) x X x
(ﬁ) x x x
(ﬁ) x x x
(0) x X x

2. Small annihilator closed submodules:

Definition(2.1): Let M be an R-module and D € M. If D has no proper SAE-submodule in M then D is
referred to be small annihilator closed submodule (briefly SAC-submodule) denoted by D €5%4¢ M. That
isif3H € Msuchthat D €%%¢ H € M impliesthat D = H.

Remarks and Examples(2.2):
1. Every SAC-submodule is closed.

Proof: Let D €5%¢ M and let H € M such that D € H € M. By examples and remarks(1.2)(1) we get
D cs** HC M.ButD c5*“ MsoD = H.Hence D ¢ M.
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The reverse side is not true in general; if we take M = Z, as Z-module, we get (3) € M while
(3) £€5%¢ M since (3) c5%¢ M.

2. Every SAC-submodule is annihilator-closed submodule.

Proof: Let D €5%¢ M and let H € M such that D €%¢ H € M by examples and remarks(1.2)(2) we get
D c5%¢ HCc M.ButD c5%“ M so D = H. Hence D is ann-closed submodule in M.

3. The intersection of SAC-submodules of an R-module M is also an SAC-submodule.

Proof: Let D €5%“ M and H 5% M and let L € M with D n H €%%¢ [, € M by corollary (1.8) then
D cs% [ Cc Mand H<C*% LC M.Since D 5% Mand H €5 MsoD =L=HthenDnNH = L.
Thus D n H is SAC-submodule in M.

4. Let M bean R-moduleand D € M. If D &5%¢ M and D =5%¢ M then D = M.
5. Let D is submodule of an R-module M. If R is semi-simple ring then D is SAC-submodule if and
only if D is closed submodule.

Proof: = Clear by (1).

<Let D €¢ M and D 5% H € M. Since R is semi-simple ring so by remarks and examples(1.2)(5) we
getD € H € M.ButD c¢ M so D =H. Hence D c5¢¢ M.

Proposition(2.3): Let M Dbe an R-module and D,H<S M such that DS Hc M. If
D c5%¢ M then D €5%¢ H.

Proof: Assume that D is SAE-submodule of W, since W € H so W € M. But D €5%¢ M.Hence D =
w.

Corollary(2.4): Let M be an R-module andD,H< M. If DNnH <%% MthenD N H is SAC-
submodule in both of D and H.

Corollary(2.5): Let M be an R-module and D, H <5-%¢ M then both of D and H are SAC-submodules in
D+ H.

Proof: Since D €D+ H S M and HE D + H € M so by proposition(2.3) we have D and H are SAC-
submodules in D + H.

Proposition(2.6): Leta:M; - M, be a monomorphism and let DS M;. If D 5% M; then
a(D)gs.a.c Mz-

Proof: assumption that a(D) is SAE-submodule of H where H € M,. By proposition(1.5)
a 1(a(D)) c5%¢ a~1(H) then D c5%¢ ¢~ 1(H) € M,. But D =5%¢ M;then D = a~1(H) so a(D) =
H. Hence a(D) S%%¢ M,.

Proposition(2.7): If every submodule of an R-module M is SAC-submodule then every submodule of M
is a direct summand.

Proof: Where every submodule of M is SAC-submodule so by remarks and examples(2.2)(1) we have
every submodule is closed and by [1] we have every submodule is direct summand.

The contrast cannot be considered valid. As, M = Zg®Z, as Z-module, we get < (1,0) > is direct
summand but not SAC-submodule.

Proposition(2.8): Let M be a chained R-module andD,H € M. If
D c5%¢ Hand H €5%° M then D €5%¢ M.

Proof: Let A € M with <5%¢ A € M. Where M is chained module so we get two cases: If A be a
submodule of H, since D €5%¢ H so D = A thus D €%%¢ M. If H € A, since D is SAE-submodule of A
so by proposition(1.7) we have H is SAE-submodule of A. But H €%%¢ M so H = A then D is SAE-
submodule of H. Since D €°%¢ H then D = H. Thus D <5%¢ M.

Proposition(2.9): Let M be a hollow R-module and let D € H € M with D is SAC-submodule in M. If
H <5%e¢M hen ﬂ cs.ae M
c - S o
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Proof: Let% cs % such that A ©° M with g N % =0 thenHNA =D.Where H C5%° M and A is
essential submodule of A so by proposition(1.10) we have HNA S5 M NA so D <%%¢ A with
ACS M. ButD c5%* M so D =A and thus %: 0. Then ann(%): ann(0) = R, and R is essential of R.

Hence Z csae X
D D

Proposition(2.10): Let M be an R-module and D ¢ M where D # (0).If every SAE-submodule of D
is small-totally essential submodule of M then D <5%¢ M.

Proof: Let D ¢ M where D # (0) and H € M such that <%%¢ H € M. By hypothesis H is STE-
submodule so D €€ H. But D €€ M, then D = H. Thus D c5%¢ M.

Remark(2.11): Let D € M. If M is STE-module then (0)# D €M if and only if Dis SAC-
submodule.

Proof:= Let D €° M where D # (0) such that D is SAE-submodule of H since H € M where M is
STE-module then D is essential of H. But D ¢ M so D = H, Thus D €5%¢ M.

& Clear by [ remarks and examples (2.2)(1)].

Proposition(2.12): Let M=M,;@®M, be an R-module where M, M, are submodules of M. Let D and H
be non-zero submodules of M; and M, respectively. If D @ H is SAC-submodule in M;®M, then D
cs.ac M, and cs-ac M,.

Proof: assumption that D is SAE-submodule of A,where A;a submodule of M; and H is SAE-
submodule of A, where A, a submodule of M, so by proposition(1.11) we have D@H <5%¢ A, DA, <
M. But D @ H is SAC-submodule of M then D @ H = A;®A,.Thus D = A; and H=A, then D is SAC-
submodule of M; and H is SAC-submodule of M,.

Proposition(2.13): Let M=M, @M, by an R-module where M;and M, are submodules of M and let
D c5%¢ M, and H €5%¢ M,. Then D®H 5% M,®M,.

Proof: Suppose that D@H <%%¢ Awhere A € M. so by proposition(1.11) D €5%¢ A; and H €5%¢ A,
where A; € M; and A, & M,. But D 5% M;and H €5%° My, soD = A; and H = A, that is
® H = A, ®A,. Thus DOH S5%¢ M, ®M,.

3. Small annihilator uniform modules:

Definition(3.1): A non-zero R-module M is referred to be small annihilator uniform module (briefly
SAU-module) if for all D € M where D #+ (0),D <5%¢ M.

Remarks and Examples(3.2):

1. LetM = Z,, as Z-module. M is SAU-module since for all D € M,D =5%¢ M.

2. Let M =Z;,as Z-module. M is not SAU-module since every submodule of M is not SAE-
submodule.

3. Every simple R-module is SAU-module.

The contrast cannot be considered valid. As, M = Z;, as Z-module. M is SAU-module but non-simple.
4. Every uniform module is SAU-module.

The contrast cannot be considered valid. As, M = Zy, as Z-module. M is SAU-module but not uniform
since (3) n (4)=0.

5. Every ann-uniform module is SAU-module.

The contrast cannot be considered valid. As, M = Z, as Zs-module. M is not ann-uniform but M is
SAU-module where (2), (3) € M but (2), (3) &5*¢ M.

6. Every submodule of SAU-module is SAU-module.
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Proof: Let M is SAU-module and D € M. Let 0 # H € D then H € M. Where M is SAU-module so
H c5%¢ M let H n A=(0) where A =° D so A S5 M since H ©5%¢ M so ann(A) <° R then H =%%¢ D.
Then every submodule of D is SAE-submodule hence D is SAU-module.

Proposition(3.3): Let M be a hollow R-module and R is semi-simple ring. Then M is uniform module if
and only if M is SAU-module.

Proof: = Clear by (remarks and examples(3.2)(4)).

& Let M is SAU-module so for all D € M,D <5%¢ M. But R is semi-simple ring then by remarks and
examples(1.2)(5) we get for all D € M,D < M. Hence M is uniform module.

Proposition(3.4): Let M be a hollow SAU-module and let D =%%¢ M. Then % is SAU-module.

Proof: Let 0 # % c % thus 0 # H € M. But M is SAU-module then H €*%¢ M. Since D €5%¢ M by

proposition(2.9) then % cs.ae % Thus % is SAU-module.
Proposition(3.5): Let M=M,;@®M, is a distributive module and D € M. If M, and M, are SAU-modules
then M is SAU-module.

Proof: Let DS M where D # (0) since M is distributive module S0
(D NM,) €% M, and (D N M,) <=5%°¢ M, then by proposition(1.11) D =%%¢ M. Thus M is SAU-
module.

Recall that: Referred a module M to be duo module if for all D € M,D </ M. [23]

Proposition(3.6): Let M = M;®M, be a duo module and D € M. If M; and M, are SAU-modules then
M is SAU-module.

Proof: Let 0O #DcSM where M is duo-module so Dc/iMand thus
D=DnNM={DnM)®D NM,). Where 0 #(DNM;)EM; and 0 # (DNM,)<S M, then
(D NnM,) c>%* M, and (D n M,) =5%° M, then by proposition(1.11) D =%%¢ M. Hence M is SAU-
module.

Proposition(3.7): Let a:M — N be an R-isomorphism. If M is SAU-module then N is an SAU-module.

Proof: Let a:M — N is an isomorphism and M be an SAU-module. Let0 = D S N so a1(D) € M.
Where M is SAU-module so a~1(D) €5%¢ M by proposition(1.5) a(a~1(D)) = D is SAE-submodule
of N. Hence N is SAU-module.

Proposition(3.8): Let a:M — N is an R-monomorphism. If N is SAU-module then M is SAU-module.

Proof: Let 0 #D € Mthena(D) #0.If a(D) =0 soD < ker(a) =0 which is contradiction.
Since N is SAU-module so a(D) is SAE-submodule of N then by proposition(1.5) D €5%¢ M. Thus M
is SAU-module.

Proposition(3.9): If M;and M, are SAU-modules then M; N M, is SAU-module.

Proof: Let D = M; N M,. Since D =M, NnM, € M; and D = M; n M, € M, and since M; and M, are
SAU-modules then by remarks and examples(3.2)(6) we have D is SAU-module.

4. Conclusions.

In this work, we draw the following conclusions: D is SAE-submodule in M if D is essential. D is
SAE-submodule in M if D is ann-essential. Every submodule of M is SAE-submodule if M is singular.
The direct sum of SAE-submodules is SAE-submodule. If D; n D, is SAE-submodule in M then both of
D, and D, are SAE-submodules. Also, D is closed in M if D is SAC-submodule. D is ann-closed if D is
SAC-submodule. The intersection of SAC-submodules is SAC-submodule. If D is SAE-submodule and
SAC-submodule then D = M. The direct sum of SAC-submodules is SAC-submodule. Additionally, M is
SAU-module if M is uniform. M is SAU-module if M is ann-uniform. M is SAU-module if M is simple.
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Every submodule of SAU-module is SAU-module. The direct sum of SAU-module is SAU-module if M
is distributive module. The intersection of SAU-modules is SAU-module.
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