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ABSTRACT
In this work a new method called Sequences method used to establish new

diagram which called e®-abacus with four different movements, namely
(1,1, ...,1). Then, a new rule constrict to find e*-abacus diagram constrict in
case ¥,,%s,.., ¢, from e®-abacus diagram in case #;. Further, several
examples are given to illustrate the new method.

Keywords: f-numbers, e-abacus, Partition, Sequences method, abacus configuration.

1. Introduction

A new convenient way to represented any partition of positive integer number using
S-numbers which defined from Littlewod, 1951 was founded. The idea of e-abacus has
been used to solve many problem which related with lwahori-Hecke algebras and g-
Schur algebras [1,2,3,4,5]. Mathas, James and Sinead (2005), introduced the idea of e-
abacus configuration with k beads (¢,) (with k + 1 beads), (¢,), (with k + 2 beads),...,
(¢,) (with k + e beads ) [5]. Numerous diagrams have been generated based on
different methods [7-11]. The idea of intersection of e-abacus configuration was
intrudes in [6]. In this paper we introduced new method called Sequences method to
find e-abacus configuration (in case %2, %3, ..., £e ) from e-abacus (case ¢,), this new
abacus denoted e°-abacus diagram, and research for relation between the intersection
of the new and normal diagram.

1. BACKGROUND AND NOTATION

Let ¥ = (Y1, v2 V3 - Vo) be a partition of k, where y; is a sequence of integers
such that |y| =X,y =k,Vi>1. Let be integer greater than or equal the
number of non-zero parts y. Now consider a graphical representation of partition
called e-abacus configuration with e columns, labeled from 0 ... e—1 as
(0,1,2,...,e-1) from left to right, and label the bead position as well as empty bead
position on column j as j,j +e,j + 2e, ... begin from top. There is a bijection
between partitions y with at most ¢ position and sequence of integer numbers
p1 > B, > - > p; called beta number where g; = y; + £ — j as shown in Figure
1.
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run.0 run.1l run.e-1
0 1 | ... e—1
e e+1 | ... 2e —1
2e 2e+1 | ... 3e—1

e-abacus configuration
Let pn = (826,3,2,1%), d = 31,

1.  if e = 2 then there are two e-abacus configuration,
e if£; =9=9then p={1,2,3,4,6,8,12,15,16}
o if¢,=10=10then g ={0,2,3,4,5,7,9,13,16,17}.
2. if e = 3 then there are thee e-abacus configuration,
e if¢, =9then p={1,2,3,4,6,8,12,15,16}.
e if¢f,=10then £={0,2,3,45,7,9,13,16,17}.
e If¢;=11then #={0,1,3,4,5,6,8,10,1,17,18}.
Theorem [7]: Let m.d.,  be an abacus configuration in case ¢, =y; — 1 + Kk,
Lo,=y,— 2+ Kk .., 0= Vi

With k beads
1. for 7, =1, then#ni_y mp =1=¢

2.For 7, > e for some k, then: # NS_; m.,, = [ Xf,7. — R (e — 1)] where r
the number of parts of y.

Consider y = (8%6,3,2,1*) then # n{_y;m., = [ X,7:— R (e — D]=
[4 — 2]==2

Remark 1[13]: Let a,flff be a position in e-abacus configuration located in
column n and rows m where s number of beads, n=1,2,....e and m=1, 2, ....,

. (Bi —
(ﬁx(;) + 1)+ (e—1)=r.
Sequences movement g-numbers:

In this section, e*-abacus configuration was interfused by application the Sequences

movement on e-abacus configuration.

Role 2: Let aﬁfn be a position in e-abacus, if x =1 then
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( 2+e
S{; Se lf
A iy, Of (e—=n+1)<m<(r—e+n), 3+e
<n<e if
€
. E if
(elism)n if nsm<(r-n+1), -

1<< 1'f
n > i

e
s 1<uc< E if
Ny a;éjl) if m=uu<n<e—u+1, o1
1<u< if
2
e
. 1<u< 5 if
fn({)15+n) if =r-ut+l)usn<e—u+1 1
l1<u<—— |if
ese, _ e—1 1+e 2r—e—1
Ay myn if n= 5T T <m >
ese, 1+e 2r—e—1
3+e 1+e n= 2 ’m = 2
Where s is the number of beads, n=1,2,....e and m=1, 2, ...., r, for
B1
fix +1)+e—1.
5.1 Sequences movement g-numbers in case (1, 1, 1,...)
To find €° -abacus configuration in case €2, ¥3 ---» ¥ from e-abacus
configuration we need to division e-abacus in case ¥ ; into several parts:
A- If e is even
Remark 3: e-abacus configuration in case b; will be divided in to three
parts:
1' Hk =
( { a5’} if k=1
es? e St eStg . _ e
{ 1(ks 1) Z(k 1) a(k 1) (k— 1)} if k = 2,3,..,5
(s
eShg eSbg eSts . _et2u+2 _ e—4
Lty g b= S = 0
[ i k=

nis even

nis odd

nis even

nis odd

nis even

nis odd

nis even

nis odd
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eSts _eSts eSt; . _
{a31 101 "r e Oy if k=1
eSts eSts eSts . _
{a(k+1)k'a(k+2)k' o Q1)K if k=23,..,

{aeS[sz 2u+2 aeS[sz 2 2u+2 CIQZS{)S 2 2u+2 } if k= w u =
- +2u+2\ Xre—2u+2\re+2u+2y =’ —e+ +2u+ = P =
(ZH)ETE) EF)ET) T FEEET) 2

eSts _eSts eSt;
Are 1030 ""”a(r—4)e

Rule 4: The e-abacus configuration in case £, plays a main role to find the e*-abacus

configuration in case ¢4, %,, ¥3, ..., £, as follows:

1.H, in e®-abacus configuration in case #; —» H, in case £, then
H, U {a;e;fs}_) H; in case ¢; then Hj U{ai?s} - o H(ﬁ) in

2

case f(ﬁ) then H(ﬁ) \{d(egs)isg)} - H(ﬂ) in case f(ﬂ) then H(ﬂ) \
2/%2

2 2 2 2 2

Spg .
{afe;_z)(%} — - = H, in case £,.

Rule 4: The e-abacus configuration in case £, plays a main role to find the e*-abacus

configuration in case ¢4, ¢,, ¥3, ..., £, as follows:

1.H, in e®-abacus configuration in case #, —» H, in case £, then

H, U {angs}_) H; in case ¢; then Hj U{ai?s} 5 o H(ﬂ) in

2

case {’(ﬂ) then H(ﬂ) \{ e bs } - H(ﬂ) in case {’(14) then H(ﬂ) \

a
: > @ > > :

{ae:fg ot } — - —> H, in case Z,.
)

2.H, in e*-abacus configuration in case #; then H, U{af;fll)k} -

eSts

Hy 44 in case ¢, then Hy, 4 U {a(k+2)(k+1)

}—> Hy,, in case ¢5 then

eStg .

then H(ﬂ) \

+2) 2

e%} H in case £ - then H { et }
{“@é) 77 G) (5%+3) (5+2) \¥e-ngrn §

2

- H( in case f(ﬂ ) then H(e+3) \{ eSt

s e > H
$+3) +4 ¢ a(E—Z)(E+1)} IR

5+")
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85[1

in case €(3_22k+(n+1)) then HG +n) \{a(e )(€+n_1)} in case fo_ k41

E—Tl‘l'l
— H; ={o}incase €¢_y4, = H, incase £o_yy3 = Hs in case €o_yya

then Hj U{a;zh}e + = Hg_qy in case £, where k =2,3,..,e —

1,n=12,.. %2
2

3.H, in e*-abacus configuration in case £, then H, U H, — Hj in case ¢

»—> Hyincase £3...

4.H{ in e*-abacus configuration in case by — H, in case £ , then

e fl e fl N
Ay3 HAr_2)3

{
.. Hé) in case #@ then {H(g)\{ ee-le }}U{a st e+2 }—>
sy n 2ty Don (s { ol o {“?@%)(%}} -

H,; incase £, .

Hz\{ e a(erfll)z}ﬁm in case ¢ 3 then Hj\

5.Hy, in  e®-abacus  configuration in  case by  then

2 2 2

H\ { (S)(m) aEzsf_le)(m)} - Hp,, in case?, then H(’k+2)\
eS¢ eS¢ o 1
Ao rerars X rortoran rerar { = =+ = Hrenin case € e-zk+2y then {H;e
{ () (%)(%)} 3 (=%) { ©"
{ae:le o2 } { U1 s }—> Hleizn in case £ie-2k+4y then
e ) (%) (=)
AtCp, ese

Hiew “{“@)(s)}”{“("%“)(:ﬁ)}*Hie:—ﬂ oo feas >

> Hj in case f._psithen Hy UH, — H; in case fo_p4p = = =

Hk_pyincase £ where k = 2,3,..,e — 1.

6.H, in e>-abacus configuration in case ¢, then H, U H, - H; in e-
abacus configuration incase £, ....

7.H]' in e*-abacus configuration in case £ 1 » Hj in case ¢ , then

Hj U {ajifil)} — Hj' in case ¢ 3 then HY U { angiz)} S Hé) in
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Hieizy i Lie+2y th
- () in case £(esz) then

case {)(%) then {Hé) \{

a est’l }
=)
eSt,

H{ﬂ) \{ a(zr—e+4)(ﬂ)} i Hé’ in case Le.

2 2 2

- . . . tc
8.H; in e>-abacus configuration in case #; then Hj U{a,f(r’j;c +1)}

. te )
— H;'., in case € , then H},, U{a?k+b11)(r—k)} R _>H(’e) in case

2

- H{Lﬁ) in case f(e_zsz) then

2

" Atcbl
(ezzasz) then {H@ \{“<¥>(i—2>}

Hﬁﬂ)\{azﬁ’;ﬂ)(ﬂ)}a---—>H;’ in case fo_x.; — HJ'in case

2 2 2

fe_r4p = -+ = Hp_jincase £ . where k =2, 3,...e-1.

9.H, in e*-abacus configuration in case ¢, then — H, in e*-abacus configuration in
case ¥, ...

for the above example, where y = (8%,6,3,2,1%) and e =
6.

C—10
(- s
cC— e () O =——
C—) e
) /1
O I
—
C—en
O s
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b, b, bs b,
o o0 - 0 0 - |- 0O - 0 0 |O 0O o - ]10 O - O
- - - 0 - -0 - - 0 - |0 o - 0|0 O - O
- 0 0 0 0 0 ]|O 0O - 0 O |O - 0 O|- 0 O -
o - 0 - - - |- - - - ~-10 o - - /- 0 - -
- 0 - - - - |- o - - - |- - - - 10 - - -
- - - - - -10 - - - - 10 - - - ]10 O O -
b5 b6
0O 0 0 - O 0 O 0o - -
0O 0 0o - 0 -]O0 0O 0 - O
o - - - - 0 o - - -
- - 00 - -0 - 0 0 -
oo - - - - /|- o - - -
- 00 - - -1]60 o - - -

Figure 5. e®>-abacus configuration in case #1.

Theorem 5: Lety = (11,752, ..., V") be a partition of k and Let # N¢_; m.,_ be a
numerical value in e*-abacus configuration to the beads positions which located in

common bead positions in abacus configuration. Then # N_; m.,_ in e*-abacus

configuration = # N¢_; m.,_ine-abacus=# NS_;m, = [X5-1 T —o(e — 1]

Based on Rule 2 all beads position will be stay in common positions in e°- abacus

configuration, hence # N m.,_in e-abacus = # N m,_in e*- abacus configuration.

These results in theorem 5 is clear in diagram 11 comparing it with diagram 3 for

e=3, for our example when y = (82, 6,3,2,1*) for e=3.
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'g4 = 9 'g4:10 '34: 11 '94_: ll n§=1 m.gs

Figure 6. intersection e>-abacus configuration in case by

Definition 6 [12]. Let A = (4345, ...), ¥ = (¥1,Y2,...) be a two partitions , and let

Bt < < Bt By < - < Bi”,be Beta numbers to partition 1 and y sequently,
then A = pifand only if Y*_, g2 = Yk, pY.

Remark_7: Let B;° be aset of Beta numbers for e-abacus and Let ﬁiesbe a set of
Beta numbers for e*>-abacus, since f;° = n+ me —e — 1, where i=1,2,...%.

(Bf—e if (I+e-m)<ms<(@+n-e),=<n<e
Then . = g +e if n£m<(1+r—n),1Sn<§ e
lﬁie—l if m=uu<n<l+e—ul< us-.
\Bf+1 if m=(+r-wusn<e-ulsus<:

Not: Let N' be numerical values of B;° where (1+e—-n)<m<n+r-—
e),% <n<eand N' be numerical values of 8;° where n<m< (r—n+

1),1<n< g Let N< be numerical values of 5;° where m=uu<n<e—u+
1,1<u< g and N~ be numerical values of 5;° where m=(r—-u+1),u<n<

e—wlSuS?

Theorem 9: Let = (4,45, ...), ¥ = (¥1,Y2, ...) be two partitions and let [31"l <<
,8,(’1, B << pB,”, be positions of beads on the e-abacus and e*-abacus
respectively, then 1 & p if and only if N* — (ﬁx( )) >N,

Proof: Since Ni—(ﬁx( )) > N', then eN‘'— N< >eN', then eN'— N— —

eN'>0. Then Y2 B = Y2, B+ eN'— N-—eN' , then Y2, 5° >
b_, B;°. Based on Definition 9 then A & p.
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Following e®-abacus in case £4 will be divided in to three part:

1 - Fk =
( {at,") if k=1
eS? eSh e S¢ . -1
{“1(ks 1y X1y 0 A k1) (k= 1)} if k=23, T-
eStg eSts eSts . e+2u+3 e-5
a , L, if k= ,u=20,1,..—.
< { e+22u+1) 2(e+22u+1) (e 22u 1)(e+2u+1 } 2 2
eStg e St eStg . _ e+l
{a 1Sty 2(351), v Qe ety if K = .
es? e b .
\ (@ e2ay e} if k=e.
2-T}
( eSts eS¢ at 5¢ . _
Azq "5 Ogq *s e A _7y1} if k=1
eSh esh Sb . e—1
{a(k+sl)k' Ay = Ar—kt 1)k} if K=23...,
eSts eSts eSts . _ e+2u+3 _
=< {a e—2u—1\re+2u+3\ re—2u+1\e+2u+3y = A 2r—e+2u+1y\e+2u+3 } 1 K = T'u =01
(z)(z)(z)(z)(z)(z)
{ et et et } i e+1
a; e+ 1 e+1 e+1 Aor—e—1\re+1\ ' A 2r=e+1 re+1 1 k= .
()()()()(z)(T)<z>(z) 2
eS¢ est est .
k {a g a3e S! l}a(r fl-)e} lf K =e.
3-T}
S
( {af%,a% ") if K =1.
e—1
{a (er{)ic+1)(;c+1)' (erbfc+2)(x+1)'---'“f(s;fin} if K=23.., 5
{af, s ts a’ts a®ts }oif k= w u=0201 e->
= 2r—e+2u+5\/e+2u+5 2r—e+2u+7\/e+2u+5y’ +2u+5 = oAU =U L., .
F=ET)ETE) =ETETY) T (5 2 2
{“ezf +3, e+3. “25{5 5, e+3,7 = & e{]-sm if k= et
EEHED ESEDHEDS T T ED 2
es? es? .
(@6 50 Ar_2)e} if K=e.

Rule 10. The e-abacus configuration in case ¥1 Plays a essential role to find e°-

abacus configuration in case #,, %5, ..., £,asfollows:
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Iyin e abacus configuration case #; — T, in case ¢, then T, U {angl} - I3 in
case ¢3 then T3 U{a;’“} - o F(ﬂ) in  case {’(e;l) then

2 2

2

F(E) U { aE%)(e_l)} - F(ﬂ) in case f(ﬂ) - F(ﬂ) in case f(ﬂ) then F(ﬂ)\
2 2 2 2 2 2 2

e = Tty s gy ton s\ [ ey o T s

L.
I.in e*-abacus configuration case #; then T} U{a(ekﬁll)k} — I}4q In case ¢, then

N N

e’y . e’y .

2

2 2 2 2 2

case {’(e_szH) then F(e;l) \{a(e%)(g)} - F(ﬂ) in case f(e_zzm) - F(ﬁ) in case

€(e-zk+5) then F(ﬁ) \{ “Z;)(ﬂ)} — > T, incase £,y then T, U I; = I in

2 2 2 2
case £o_j42-
Ife=3
I} in e°- abacus configuration case b, before shift this case the order of all element

- - N -

set I{ will be change and add af; in up and be ={ af;, a$y, afy, ..., afe_qy;} = Ty in
e’- abacus configuration case #,.
I} in e* abacus configuration case #; — I3 in e’ abacus configuration case #.

I, in e’ abacus configuration case £, before shift this case the order of all element
set T; will be change and add a& in up and be ={ af;, a&_;p,
%5, QSs, ) AGr_zy2 @fs } > Hj in €% abacus configuration case ¢, > Iy in ™
abacus configuration case 5 and add o above.

I; in e*- abacus configuration case b; — T in e’ abacus configuration case b, and
add o above before shift this case the order of all element set I'; will be change and be
={ 0, af3, @53, A%s, o, AEr_3)5, @55, Al_yy3 } = Ty in € abacus configuration case
£, — T, in e°- abacus configuration case #, .

Ife >3

- - S S -
I/ in case £, — T, in case b, then Fz’\{angl,a(erfll)z} — Ty in case #3 then

2 2

l}(\{ ajgfl,af:fgm} > o F(’g) in case £e-), before shift to next case the order

of all element set {F(’g)\{agé)(g)}} will be change and be

2 2 2



On Some New Types of partition

esfl esfl 85[1 85[1 14 -
O rortoray ree1ns A retras rem1yy X retsy re—ins ooy Xrarmesis re—iy { = Lre+1y 1IN CaSE€ e+t
{@%HH%%Cﬂﬁ @ﬁ%ﬁ(ﬁ (%)
before shift to next case the order of all element set I‘(’ﬂ) will be change and be {
2
aezsf—leﬂ e+1 ,ae:f% e+1 ,ae:f; et+1\s s & zsf e-1\se+1yy and add a; 2r Loty /erzy AOWN
F=E)E) G)E) &G)E) T EE) ( ()

2 2 2 2 2 2 2 2 2 2

- F(,e+3) in case {’(ﬁ) then {agg)(ﬂ)} U F(’ﬁ) - F(’ﬁ) in case {’(ﬁ) then

2 2 2 2 2 2 2

{“f%(%} UTers) = - = Tein case b,
2 2 2

. in case b, then F,Q\{ (z){) m) (zsfle)(e+2)} — T(xyp) In case £, then I o)\
2 2
e

{a(fz)(m) ( e+2)(e+4)} = 1“( ) in case f(e 2k+1) before shift to next case

2

the order of all element set

{l“(’,,,;_l)\ {a(ee;‘}) (ﬂ)}} will be change and be

2 2

esfl es{)l 95{)1 95{)1 12 .
i 1\ 1\, Ny ey Oy _ [e in case £ e-
{%%%W@€W%% %%W}W% (=5)
before shift to next case the order of all element set F(’ﬂ) will be change and be {

2

esf’l es{’l esfl S[
A oret+1yre+1\r Xrer1\re+1\r Xret3\re+1ys ) K or_e e+ and add a r—e+3)\ e+ down
(e ey ety ey ey ey e (2W3

2 2

- F(’e+3) in case i’(eizm) then {az’;ﬁ)(m)} U F(’ﬁ) - F(’ﬁ) in case

2 2 2 2

2

2

t’(e-zkw) then {af%)(ﬁ)} U F(’is) ——>Tg in case #f,_pyithen T, U
2

2 2 2
I\ a2 Y 5T incase £
{ e\ a(r—4)e} 1 e—k+2-

I} in case £; » I3, in case ¢, then I}’ U {a(erfll)z} — I3’ in case 5 then I3’ U

{a(:fsz)g} - o l“(’;__l) in case {’(e;l) then — I‘(’E) in case f(ﬂ) then F(’ﬂ)\

2 2 2 2 2

esl’l 178
a(zr_m)(ﬁ) - - > [, incase Z,.

2 2
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Theorem 11: Let A = (Adl Adz ...,/’lfnm) be a partition of t. Then # nm.d.,_ine-
abacus configuration = # n m. d.,,_ in e-abacus configuration.

These results in theorem (11) is clear in Figure 9 where p = (87, 6,3,2, 1%) and for e=3.

e=3 b=9 b=10 b=11 |N* _md.
0 1 2 . . _ _ . . . _ . _ _
3 4 5 |_ _ _ | - _|* - |- _ _
6 7 8 . . . . . _ ° . _ . ° _
9 10 11 |« _ _ |- o _ | _ o |_ _ _
12 13 14 | _ _ _ |+ - e |_ e e |\_ _ _
15 16 17 |« _ _ |- « _|- - _ |- - _
18 19 20 |« o _ |_ o _ | _ _ |- - _

Figure 9. Intersection e*- abacus configurations

Remark 12 : Let f5;° be a set of beta-numbers for e-abacus configurations and let

ﬁies be a set of beta-numbers for e®>-abacus configurations .

Remark 13: Let f3;° set of beta-numbers for e-abacus configurations and Let ,Bies

set of beta-numbers

- - S -
I in case ¢; > I},, in case ¢, then F,Qﬁrlu{afrfll)z}a o l“('é_l) in case

2

f(e—2k+1) then —» F(,éi) in case ‘g(e 2k+3) then F(e+1) { (e e+3)(e+3)} ... Fé' in

2 2

case fo_p4q1 — I incase €p_pyy » -+ = I incase £,.

for e*-abacus, since 8;° = me+n—e—1,wherei = 1,2,..,7¢.

Then
([ B —e if (1+e—n)<m<(1+r—e+n)ﬁ<n<e
B +e if nSm<(1+r—n),1gnS__
P B.°—1 if m—uu<n<e—u1<u<21
i B +1 if _(1+r—u)u<n<1+e_ulsu<%1_
B¢ —e(r—e) if nzezj’m=2r—2e+1
L Bte f p= &L el aroe-t

2
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Remark 14. Let N*‘' is the number of B;° where k =eT+1,n =eTH,..,2r_:_1,

N = (r—e).

Theorem 15. Let A = (44 4;,...) andy = (¥4,¥>, ...) be a partitions and let B, <

o < Bt B <+ < BY be the position of beta numbers for e-abacus and e’-

abacus respectively, then y = A if and only if
N+ fix(S) = N+ fix(S).
Proof:

Since  N'+ fix(S) 2 N'+ fix(), then eN'+ N7 eN'+N. Thus
eN'— N~ —eN"+ N >0. Byremark (13) Y2, = Y2 B:° + eN' — N© —

eN' + eNY — e(r —e). Then X2, 5;* = YL, p;°. By Definition 6 then 1 & p.
CONCLUSION

In this work, a method is proposed to create an e-abacus that represents the sequence movement of
betanumber in the e-abacus configurations. A special case when the length (1,1, ...,1) was revealed
to illustrate the rule for designing a new e-abacus, a rule to findthe new diagram of ¢,, ¢, ..., ., was
presented where e integers number, e > 2.
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