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1. Introduction

The classes of extended supra compact and Lindel6f spaces are very beneficial and crucial classes of supra topological spaces,
as well in other branches of pure and applied mathematics. They are playing a vital role in the study of closed and bounded
intervals of real numbers, spaces of continuous mappings, optimizations, nets, filters and differential equations . Many
researchers have been suggest various extensions of supra open sets, including: supra a-0pen, supra pre-open, supra semi-open,
supra b-open, supra 3-open sets and so on, which are playing a vital role to obtain many innovative outcomes analogy to
general topological spaces. In 1974 R. Staum [1] investigated two weaker forms of compactness and Lindeléfness namely,
mildly compact and mildly Lindel6f spaces. After one year, other kinds of compactness namely, almost compact spaces were
presented via P. H. Lambrinos [2]. After the appearance the classes of extended open sets, many kinds of compactness,
Lindeldfness, mildly compactness and almost compactness have been devised and investigated, [3] with the references cited
within. Subsequently, various characteristics of strongly compactness, Lindel6fness and P-closed spaces were discussed via
the researchers [4, 5]. Next, some descriptions of extensions almost soft compactness, almost soft Lindel6fness and soft closed
spaces have been presented and studied via the authors [6, 7]. Mashhour et al. [8] developed and studied some topological
properties from the standpoint of supra topology via neglecting an intersection condition of topology and this case makes supra
topology more flexible to describe various real life problems. Motivated via this fact, many authors have studied various
classical topological classes including interior, closure and limit points, as well compactness, Lindel6fness, separation axioms
and extension open sets on the supra topological spaces. For more information we refer the authors to [9-15]. On the other
hand, supra topological spaces was collective with a partial order relation to construct a novel mathematical structure, called
supra topological ordered spaces, and based on this fact many topological structures have been presented and studied, we refer
the authors to [16-20] . The main goal of our manuscript is to present and study three new classes of extended supra compact
and Lindel6f spaces in supra topological spaces. These classes are defined by employing a new class of generalized supra open
sets namely, supra J-8-open. As well, the relationships among these kinds of spaces are illustrated by some suitable examples.
In addition, numerous of fundamental characterizations related to these kinds of supra compactness and Lindelofness are
established. Also, the class of supra J-R-limit points is defined and some basic properties related to this notion are discussed
and proved.

103


https://doi.org/10.47831/mjpas.v3i2.72
mailto:may23u2008@uoanbar.edu.iq
mailto:eps.alaamahmood.farhan@uoanbar.edu.iq
http://creativecommons.org/licenses/by/4.0/

Khalaf and AL. Jumaili, mJPAs, Vol. 4, No. 2, 2026

2. Materials and Methods

During this work, (X, T), (Y, T*) and (Z,T**) (Concisely, X', Y & Z) symbolized to topological spaces.
Recollect the next required definitions and results of extended supra open sets which help us to study our
main outcomes in the sequels.

Definition 2.1: [11] A sub family u of a power set P (X) of X is said to be supra topology (concisely,
Sup-Top) if it’s closed under arbitrary union and X'is a member of u. In that case, the pair (X, u) is called
Sup-Top-Sp.

Remark 2.2: [11] The members of u are called Sup-open sets and the complement of Sup-open set is
called Sup-closed set, as well the complement of < X is denoted via X / H.

Definition 2.3: [11] Let (X, u) be Sup-Top-Sp and H < X, so:

The closure and interior of H < X will be indicated via CI*(H) & Int*(H) resp, and are described as:
(@)CI*(H) = N{M < X: M is Sup — closed and H < M}.

(b)Intt(H) = U{M S X: M is Sup — openand M € H}.

Definition 2.4: [11] Let X be Top-Sp and u Sup-Top, so u is Sup-Top associated with Tif T < pu.
Definition 2.5: [21] A subset H < X is called o-B-open if H € Cl(Int(Cls(H))).

Definition 2.6: [11] If (X, T) & (Y,T*) are two Top-Sps and u is an associated Sup-Top with T°. Then,
& (X, T) — (Y,T77) is called Sup-continuous (briefly, Cont) if the inverse image of every open subset
in(Y,T*) is supra open subset in(X, u).

Definition 2.7: [9] A Sup-Top-Sp-(X, u) is said to be:

(4)Sup-compact(resp. Sup-Lindeltf) supplied that each Sup-open-cover of X has finite (resp. countable)
sub cover.

(44)Almost Sup-compact(resp. Almost Sup-Lindeldf) supplied that each Sup-open-cover of X has finite
(resp. countable) sub-cover which the Sup-closures of whose members coverX.

(444)Mildly Sup-compact(resp. mildly Sup-Lindel6f) provided that each Sup-clopen-cover of X has
finite (resp. countable) sub-cover.

Definition2.8: [22] Assume that &: (X, T) — (Y,T*), with {H,: 1 € U} & {M;: i € U} be collections
of subsets of X & Y, resp. So,

(1) F(Uiev Hs) = Usen F(H).

(1) F ' (Uses My) = Usen § (M.

Definition 2.9: [22] For X # @, a sub-collection {D;: i € U} of 2¥ is have:

(4) Finite intersection property (Concisely, FIP) if each finite subcollection {D,: < € U} has nonempty
intersection.

(ii) Countable intersection property(Concisely, CIP) if each countable subcollection {D,: 4 € U} has
nonempty intersection.

3- Supra-o-R-Compact and Supra-J-R-Lindel6f spaces

This segment devoted to introduce new kinds of extended supra compact and Sup-Lindel6f-sp based on
novel extended of Sup-open sets and study the relationships among them, as well the equivalent
conditions for each one of them are presented.

Definitions 3.1: H < X is said to be:

(4) Sup-o-R-open set if H < CI# (Int” (le;(}[))). The complement of Sup-d-B-open is Sup-J-R-closed.

(i4) Sup-o-R-closed if Int* (cz# (inet (}[))) c .

Definition 3.2: If (X,T) and (Y,T*) are two Top-Sp and u is an associated Sup-Top with 7. So,
& (X, T) — (Y,77) is called Sup-o--Cont if the inverse image of each open subset of (Y, 7 ") is Sup-o-
B-open of (X, w).

Example 3.3: Suppose X = {u,v,w} and T = {X, 0, {uw,v}} is topology on X. The Sup-Top u is
described as: u = {X,0,{u},{v} {u,v}}. Presume that &: (X,T) — (X,T) described as: F(u) =
v, F(v) = w, F(w) = w. In that case, § is Sup-0-B- Cont map, because the inverse image of the open
set {u, v} is {u, wr} which is Sup- o-B-open of (X, u).

Definition 3.4: Assume (X, u) is Sup-Top-Sp and H < X of X so:

The Sup-d-R-closure and Sup-d-R-interior 2 symbolized via Clg‘_ﬁ(}[) & Intg‘_ﬁ (), resp, and are
described as follows:
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(@) Cls_y(3) = N{M S X: M is Sup § — § — closed and H < M}.

(b)Intg_ﬁ () = U{M € X: M is Sups — § — openand M € H}.

Definitions 3.5: A collection {D,:4 € U} of Sup-J-R-open sets in (X, u) is called Sup-d-R-open-cover of
W e XifwcU{D,:i€ U}

Definitions 3.6: A (X, u) is said to be:

(a) Supra o-R-compact (briefly, Sup-o-3-comp) if each Sup-d-3-open cover of X has finite sub-cover.

(b) Supra 6-B-Lindelof (briefly, Sup-o-R-Linde) if each Sup-d-3-open cover of X has countable sub-
cover.

Definitions 3.7: A subset W of Sup-Top-Sp-(X,u) is called Sup-J-B-comp-(resp. Sup-o-3-Linde)
relative to X if each Sup-d-R-op-cover of W, reducible to finite (resp.countable) sub-cover.

Next, present some examples; first one satisfies class of Sup-0-B-compactness and second one doesn ’t:
Example3.8: Assume 4 ={0,D,, € N:D,, ={m,m +1,m + 2, .......m € N}} is Sup-Top on N. As,
infimum (D,,,) = m, V subset D,,,of (N, ), in that case (N, u) is Sup-J-8-comp-sp.

Example 3.9: Presume pu={0,D S N:I3p €D (s.t)2|p} is Sup-Top on N. At this instant, V=
{{m,m + 1}: m € N} is Sup-d-B-open-cover of N. As V has not finite sub-cover, in that case (N, ) is
not Sup-J-R-comp-sp.

Proposition 3.10: Every Sup-J-R-comp-space is Sup-J-R-Linde-space.

Proof: It is simple and straightforward, thus omitted.

Remark 3.11: Reverse of Proposition 3.10, is not correct in general as appearance in Example3.9.
Proposition3.12: Every finite (resp. countable) Sup-Top-Sp-(X,u) is Sup-d-B-comp-(resp. Sup-d-R-
Linde).

Proof: Firstly, if X finite, so the evidence follows promptly from the truth 2 (X) finite.

Secondly, If X countable, in that case the largest cover with regard to the number of its element is
V= {{p}: p € X}. Countability for 7 completes evidence.

Proposition3.13: Finite (resp. countable) union of Sup-d6-R-comp-subsets of Sup-Top-Sp (X, u) is Sup-J-
R-comp-(resp. Sup-o-B-Lind).

Proof: It is simple and straightforward, thus deleted.

Proposition 3.14: Each Sup-o-B-comp-(resp. supra J-R-Linde)-sp (X, u) is Sup-comp-(resp. Sup-o-i3-
Linde).

Proof: It is simply got from truth that each Sup-open is Sup-J-R-open.

Remark 3.15: The converse of the above Proposition is not always correct in general as appearance in
the next example:

Example 3.16: Assume u = {@, R, {1,2},{2,3},{1,2,3}} is Sup-Top on R. Apparently,(R, 1) is Sup-
comp. On the other hand a family V = {{1, 3, p }: » € R} is Sup-J-B-open-cover for (R, i). As, V hasn’t
countable-subcover of R, in that case (R, 1) isn’t Sup-o-3-Linde-sp.

Theorem 3.17: Each Sup-od-R-closed subset of Sup-0-8-comp-(resp. Sup-d-B-Linde)-Sp (X, u) is Sup-6-
R-comp-(resp. Sup-J-RB-Linde).

Proof: First only prove the theorem in case of Sup-d-8-comp-sp, the other case for Sup-d-3-Linde-sp can
be made similarly.

Presume X is Sup-o-R3-closed subset of X with {D;: i € U} is Sup-o--open-cover of K. In that case K°
is Sup-o-B-open and K € U,cyD;. Consequently, X = U,y D;U K. As, X is Sup-d-R-comp, so
X = UZ7D,U K°. Therefore, K € UZ1"D,. consequently, K is Sup-5-R-comp-set.

Theorem 3.18: A Sup-Top-Sp-(X, ) is Sup-o-B-comp-(resp. Sup-d-R-Linde) iff each collection of Sup-
o0-R-closed subsets of X, satisfying FIP (resp. CIP), has itself nonempty intersection.

Proof: First only verify the theorem in case of Sup-J-3-comp-sp, the other case for Sup-o-3-Linde-sp can
be made similarly.

Necessity: Suppose V= {X;: 4 € U} is family of Sup-J-B-closed subsets of X which has the FIP. Presume
Nies K; = @. In that case X = U;ep K5, as X is Sup-6-B-comp, so X = UZ™xK¢. Consequently,
N=™3, = ¢. But this contradicts V has FIP. so, V has non-empty intersection.

Sufficiency: Assume 2 = {D,: 1 € U} is Sup-o-B-op-cover of X. Presume, Q has no finite sub-cover. So,

X\UZ"D, # 0,vm € N. Now, N:Z7DS # @ implies {DS:4 € U} is collection of Sup-d-B-closed
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subset which has FIP. Therefore N;cyDS # @. Thus, X # U,;cyD;. But this contradictions Q is Sup-J-B-
op-cover of X. For this reason (X, u) Sup-o--comp.

Theorem 3.19: Let H be Sup-d-R-comp-(resp. supra J-B-Linde) subset of X and M be Sup-J-R-closed
subset of X', so H N M be Sup-J-R-comp-(resp. Sup-o-3-Linde).

Proof: Suppose V= {D,: i € U} is Sup-o-R-open-cover of H N M. In that case H S U,y D, U M. As,
 is Sup-o-3-comp, so there exist countable set § (s.t) H < U,es D;U M*€. Consequently, H N M <
U,es D;. Therefore, H N M is Sup-o-B-Linde.

The other case for Sup-J-3-Linde-sp can be made similarly.

Theorem 3.20: The Sup-0-R-Cont image of Sup-d-3-comp-(resp. Sup-d-R-Linde) set is comp- (resp. J-R-
Linde).

Proof: Suppose G: X — Y is Sup-d-B-Cont map and H is Sup-J-B-comp-subset of X. Assume {D,:1 €
U} op-cover of G(H). Currently, (H) € U ;e D; = H S U, G H(D,). As, G is Sup-5-R-Cont, in that
case G~1(D,) is Sup-5-R-open, Vi € U. Via supposition, His Sup-6-R-comp, so G(H) € UZ7D,.
Therefore, G(H) is comp.

By the same method, one can prove theorem in case of Sup-J-R-Linde-set.

Definitions 3.21: Let H < (X,u) and p € X. A point p is called Sup-d-B-limit point of H if each Sup-
0-R-open set including p includes as a minimum one point of # diverse than p.

The set of each Sup-d-R-limit point of 7 is symbolized via 3 %",

Theorem3.22: If # € X . Then, H is Sup-d-B-closed iff H %" < %

Proof: Necessity: Presume Fis Sup-o-R-closed and p & . In that case, p € H°. As, H€ is Sup-o-i3-
openand H° NH = @,so p ¢ H ¥ Consequently, H ¥ < 71,

Sufficiency: Assume p € H< & H ¥ 31, subsequently p & H %" | As a result there exists Sup-o-
RB-open D, (s.1) D, \ {p} N H = @. Because, p € H°,s0 D,NH = @. Now, D,, € H°. Consequently,
He = U{Dﬁ: P E 7—[0}. Hence, H ¢ is Sup-o-R-open. For this reason # is Sup-o-R-closed set.

Corollary 3.23: If H is subset of Sup-d-R-comp-(resp. Sup-o-B-Linde) spaces. So, H ¥ is Sup-o-R-
comp- (resp. Sup-d-R-Linde).

Theorem 3.24: Each infinity subset of Sup-J-RB-comp-sp has Sup-J-R-limit point.

Proof: Presume Fis infinity subset of Sup-J-B-comp-sp-(X, ). Assume F has not Sup-J-B-limit point.
In that case V p; € X, there exist Sup-6-B-open D, (s. t) D, NFH \ {p;} = @. Now, the family

V ={D,,: p. € X}forms Sup-o-R-open-cover of X. As X is Sup-5-R-comp, so X = ULZZ7*D,,..
Consequently, X has mainly m points of . Implies ¢ is finite. Except this contradiction # is infinite.
Hence, 7€ has Sup-o-R-limit point.

4- Almost Supra-d-8-Compact and Almost Supra-d-B-Lindel6f spaces

In this segment, another extension for the classical meaning of almost Supra-compact (briefly, AL-Sup-
Comp) and almost Supra-LindeL6f (briefly, AL-Sup-Linde)-sp has been studied.

Definitions 4.1: A Sup-Top-Space (X, u) is said to be AL-Sup-o-3-comp-(resp. AL-Sup-o-B-Linde) if
each Sup-o-R-open-cover of X has finite (resp. countable) sub-cover consisting of Sup-J-R-closures
whose members cover X.

Definitions 4.2: A subset W € X is said to be AL-Sup-5-B-comp-(resp. AL-Sup-J-R-Linde) relative
to X if each supra J-R-open-cover of W has finite (resp. countable) sub-cover consisting of Sup-J-i-
closures whose members cover W.

Next, we present two examples; the first satisfies the class of AL-Sup-d-3-Compactness and the second
doesn’t:

Example4.3: Presume u ={9,D,, ={1,2,...2m+ 1} or D,, = {1,2,...,.3m + 1}:m € N} is Sup-Top
for N. Any nonempty Sup-op-subset in (N, x) is dense. It’s renowned each nonempty Sup-J-B-open
including nonempty Sup-op-set, in that case each non-empty Sup-J-(-open in (N,u) is dense.
Consequently, (N,u) AL-Sup-d-B-comp. On the other hand, if V= {{1,2,3,p}:p € Nand p > 3} is
Sup-d--op-cover for N. Because V7 hasn’t finite sub-cover, so (N, p) isn’t Sup-d-R-comp.

Example 4.4: Assume u = {@,D € Q (s.t) D including at least two elements} is Sup-Top on Q and
assume V is family for each set which has only two members. In that case (Q, ) isn’t AL-Sup-d-R-comp.

Proposition 4.5: Each AL-Sup-J-R-comp-space is AL-Sup-o-3-Linde-space.
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Proof: It is proof is straightforward.

Remark 4.6: The converse of the above Proposition is not true in general as appearance in Example-4.4.
Proposition 4.7: Each Sup-o-3-comp-(resp. Sup-d--Linde)-space (X, u) is AL-Sup-o-B-comp-(resp.
AL-Sup-o-B-Linde).

Proof: It follows directly from the truth that each set is included in it’s Sup-o-B-closure.

Remark 4.8: Next example demonstrates that the converse of the above Proposition is not always hold.
Example 4.9: Presume u = {@, R, {1}, {2},{1,2}} is Sup-Top on R. As, each Sup-J-B-open set, except of
{1}&{2}, must include Sup-open set {1,2}, let V= {{1,2, p }: p € R} is Sup-o-R-open-cover for (R, u),
clearly V has no countable sub-cover of R. Therefore, (IR, 1) is not Sup-J-R-Linde-sp. On the other hand,
CI*1({1,2}) = opCI*({1,2}) = R. Thus, (R, u) is AL-Sup-o-B-comp-sp.

We recall the following Propositions with direct proofs and so omitted.

Proposition 4.10: Each finite (resp. countable) Sup-Top-Sp (X, u) is AL-Sup-J-B-comp-(resp. AL-Sup-
o0-R-Lindel).

Proposition4.11: Finite (resp. countable) union of AL-Sup-J-R-comp-subsets of Sup-Top-Space (X, )
IS AL-Sup-J-R-compact (resp. Sup-o-R-Lindelf).

Definitions 4.12: W € X is called Sup-5-B-clopen if W is Sup-J-B-open and Sup-J-R-closed.

Remark 4.13: A subset W € (X, u) is said to be Sup-6-R-clopen iff Int# (Cl“ (Int?(?f))) CHC

e (et (cty 30)) ),

Theorem 4.14: Every Sup-o-R-clopen subset of AL-Sup-d-B-comp-(resp. AL-Sup-J-R-Linde)-Space
(X, w) is AL-Sup-o-B-comp-(resp. AL-Sup-o-R-Linde).

Proof: Assume X is Sup-o-3-clopen subset of X and {D,:4 € U} is Sup-J-R-open-cover of K. In that
case K¢ is Sup-o-B-clopen and K < U,y D,. Consequently, X = U ;e D;U K€. As X is AL-Sup-o-R3-
comp, s0 X = ULZ7*6BCIH(D,) U K°. Hence, K € ULZ7*6BCIH(D,). So, K is AL-Sup-d-B-comp.

By the same technique, one can prove theorem in case of Sup-J-R-Linde-sp.

Theorem 4.15: Let H be AL-Sup-o-B-comp-(resp. AL-Sup-o-B-Linde) subset of X and M is a Sup-d-i-
clopen subset of X, so M N H is AL-Sup-o-3-comp-(resp. AL-Sup-6-B-Linde).

Proof: Suppose V= {D,: i € U} is AL-Sup-o--open-cover of H N M. In that case H S U,;ey D; U M.
As, H is AL-Sup-d-B-comp-sets, so H € U™ §ACIH(D,) U M©.

Consequently, 7 N M € ULZ7*§BCIH(D,). Therefore H N M is AL-Sup-5-R-comp.

The other case for AL-Sup-J-B-Linde-sp can be made similarly.

Theorem 4.16: The Sup-6-8-Cont image of AL-Sup-d-B-comp-(resp. AL-Sup-d-3-Linde) set is AL-
comp-(resp. AL-0-R-Linde).

Proof: Presume G:X — Y is Sup-6-B-Cont map and H is AL-Sup-o-B-comp-subset ofX. Assume
{D,:1 € U} op-cover in G(H).

Now, G(H) € U;eD; = H S U G 1(D,). As, G is Sup-6-R-Cont, in that case G~1(D,) is Sup-J-Rk-
open, V 4 € U. Via supposition,  is AL-Sup-6-B-comp, consequently H € UZZ¥* §3CI*(G~1(D,)). as,
G is Sup-d-R-Cont, in that case §3CI*(G1(D,)) € G~ 1(CI(D,)).

Thus, G(#) € U2 G((G1(CL(D,)))) € ULZT*CI(D,). Hence, G(3{) is AL-comp.

The other case for almost Sup-o-R-Linde-sp can be made similarly.

Theorem 4.17: Let each family of Sup-o-R-closed subset of Sup-Top-Sp-(X, i), satisfying the FIT, has
itself, a non-empty intersection, so X is AL-Sup-d-R-comp.

Proof: Presume V = {D,:4 € U} is Sup-d-3-open-cover of X. Assume {D,:4i € U} has no finit sub-
family which is the Sup-6-B-closures of whose members cover X. In that case X \ U!Z¥*6BCI*(D,) #
®,Vm € N. Consequently, X \ UZ7* (D,) # @, Now, N!=7D¢ # ¢ and this implies {DS:4 € U} s
family of Sup-o-R-closed subset of X which has the FIP. Hence, Ny D5 # @ and impliesX # Ui D;.
Except this contradicts V is Sup-d-3-op-cover in X. Therefore, X is AL-Sup-J-R-comp.

Remark 4.18: The next example illustrates the converse of the above Theorem is not always hold.
Example 4.19: The Sup-Top-Sp (N, ) which described in Example 4.3 is AL-Sup-J-R-comp. A family
of Sup-d-B-closed subset {#,,:H,, = {2m +2,2m +3,..} andm € N}of (N,u) has FIP, while
N2 H,, = 0.
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5- Miscellaneous Results of Mildly Supra-é-3-Compact and Mildly Supra-o-R-Lindel6f spaces

In this segment, novel kinds of extended mildly supra compact (briefly, M-Sup-Comp) and mildly supra
Lindelof (briefly, M-Sup-Linde)-sp have been studied and various essential characterizations related to
these kinds of extended M-Sup-compact and M-Sup-Lindel6f spaces have been investigated.

Definition 5.1: A Sup-Top-Sp (X, u) is said to be M-Sup-d-R-comp-(resp. M-Sup-J-R-Linde) if each
Sup-d-R-clopen-cover of X has finite (resp. countable) sub-cover.

Definition 5.2: A subset W < X is called M-Sup-d-3-comp-(resp. M-Sup-J-RB-Linde) relative to X if
each Sup-o0-R-clopen-cover of W has finite (resp. countable) sub-cover.

Proposition5.3: Each M-Sup-d-B8-comp-sp is M-Sup-J-R-Linde-sp.

Proof: It is proof is straightforward.

Remark 5.4: The subsequently example explain the reverse of Proposition 5.3, isn’t always hold .
Example 5.5: If we changeR via Q in Example 4.4, so V={{1,p,q9}:p # g # 1 € Q} is Sup-o-R-
clopen-cover for Q. Clearly, V has countable-cover, while it hasn’t finite sub-cover.

Theorem 5.6: Each M-Sup-d-3-comp-(resp. M-Sup-d-B-Linde)-sp (X, ) is M-Sup-o-B-comp (resp. M-
Sup-d-B-Linde).

Proof: Presume a collection V= { A;: 4 € U} is Sup-d-B-clopen-cover of (X, u). As (X, 1) is M-Sup-o-
R-comp, in that case X = UZZ7*6BCI*(A,) and because A, is Sup-o-R-clopen set, so §BCIH(A,) = A,.
Therefore, (X, u) is M-Sup-d-R-comp.

The proof for M-o-R-Linde-sp is similar.

The other case for M-Sup-J-R-Lindel6f spaces can be made similarly.

The converse of the above Theorem is still an open problem.

Corollary 5.7: Each Sup-d-R-comp-(resp. Sup-J-R-Linde)-sp is M-Sup-o-B-comp-(resp. M-Sup-o-R-
Linde).

Proof: It is straightforward and follows directly from their related definitions.

Remark 5.8: The converse of the above Corollary is not correct always as shown in the next interesting
example :

Example 5.9: Presume u = {@, R, {1}} is Sup-Top on R. Assume there exists Sup-o-B8-clopen set K

different @ & R. In that case, IntH (Cl“ (Inté‘(?())) cC X c Cl* (Int“ (Clg‘(%))). This implies
{1} € K. As a result, Int* (Cl” (lntg(jc))) - R.

This contradicts that Int# (Cl” (Inté‘(%))) C K. Hence, the only Sup-6-R-Clopen subsets in (R, p) are

® & R. Thus,(R,u) M-Sup-o-B-comp. On other hand, a J-R-open-cover {{1, p}: p € R} of R has no
coumtable sub-cover. Consequently, (R, i) is not Sup-o-R-Linde.

Proposition 5.10: Every finite (resp. countable) Sup-Top-Sp-(X, i) is M-Sup-d-R-comp-(resp. M-Sup-o-
B-Linde).

Proof: It is straightforward obtained from Definition 5.1,with proposition 3.12.

Proposition5.11: Finite (resp. countable) union of M-Sup-d-3-comp-sub-sets of Sup-Top-Sp is M-Sup-o-
R-comp-(resp. M-Sup-d-3-Linde).

Proof: It is straightforward got via Definition 5.1,with proposition 3.13.

Theorem 5.12: Each Sup-J-R-clopen subset K of M-Sup-o-B-comp-(resp. M-Sup-J-B-Linde) sp- (X, 1)
IS M-Sup-d-3-comp-(resp. M-Sup-o-3-Linde).

Proof: Assume X is a supra o-3-clopen subset of X and {D,:4 € U} is Sup-o-B-clopen cover of K. In
that case, K¢ is Sup-d-B-clopen and K S U,y D,;. Consequently X = U,;e; D;U K€. As X is M-Sup-6-
R-comp, so X = UZ™ D,U K°. as aresult X € UZ™D,. Therefore, K is M-Sup-d-R-comp.

The other case for mildly Sup-J--Linde-sp can be made similarly.

Theorem 5.13: Let H be M-Sup-d-B-comp-(resp. M-Sup-d-R-Linde)subset in (X, w)and M Sup-o-R-
clopen subset in (X, u), so H N M is M-Sup-o-3-comp-(resp. M-Sup-J-B-Linde).

Proof: Presume V= {D,:4 € U} is Sup-o-B-clopen cover of HN M. In that case H S U, D; U M€,
Because, # is M-Sup-d-B-comp, so H S UZZ7*D,UM*°. Consequently, H N M < U D,. as a result
H N M is M-Sup-o-3-comp.

The other case for mildly Sup-J-R-Linde-sp can be made similarly.
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Theorem 5.14: The Sup-d-R-Cont image of M-Sup-d-3-comp-(resp. M-Sup-J-R-Linde) set is comp-(resp.
Linde).
Proof: It is analogous of that Theorem 3.20, hence removed.

Conclusion
The classes of Sup-compact and Lindel6f spaces are at the present one of most vital and necessary classes

not only in extension Sup-Top, but in other branches of mathematics. Since topological classes, supra
compact and Lindelof spaces are of somewhat dissimilar characters than most other significant
characterization, such as the covering properties which are studied in general topology . So compactness
considered one of the fundamental classes of paramount interest for topologists. Thus, in our article
presented and investigated other extensions for the classical meaning of Sup-compact and Lindel6f spaces
by employing another class of Sup-open set namely Sup-J--open. Various essential properties related to
these kinds of Sup-compactness and Lindeléfness are verified. As well, some examples to explain the
relationships among these classes are proposed. We anticipate that the discoveries in this article will aid
scientists in improving the researches on extension supra topology in order to elevate a general
framework for their practical implementations in each advanced branches of mathematics and other
sciences .
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