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1. Introduction

The approximation theory, a branch of function analysis that is fundamental, is drawn to approximation functions
by means of easier-to-calculate functions. Similar to other areas of mathematics, such as differential equations, finite
elements, numerical analysis, and perpendicular polynomials, this theory has further implications. Applications include
economic pressures, computer science, communication signals, and outline acknowledgment. The well-known works of
Jackson (1911) and Bernstein (1912) established links between the variance and difference characteristics of the
function being estimated and the value of the mistake of its estimate by certain techniques. The first theorems of direct
and inverse approximation were discovered. Consequently, alike researches were conducted by several researchers for
several functional classes and for various approximating aggregates, and their findings establish the classics of recent
approximation principle. Furthermore, the exact findings (in particular, in the sense of un improvable constants)
deserve special attention. A fairly whole explanation of the findings on finding direct and inverse estimation theorem is
limited in the monographs [1, 2, 7, 10], etc. In 1972 Prytula [3] developed a direct approximation theorem for
Besicovitch nearly intervallic equations of order 2 (B2-a.p. functions) in terms. The greatest estimates of equations and
their modulus of continuity. G. V. Radzievskii investigated the direct and inverse theorem [4, 5], employing the concept
of a K-functional rather than the module of continuity. Bonis and Mastroianni investigated the global expanding
weights estimate using trigonometric polynomials in the periodic situation in 2003, as well as other related problems
[6]. In 2006 Finta [8] analyzes direct approximation for discrete kind operators in terms of a modified K-functional. He

showed direct theorem for Szész-Mirakjan, Lupa, and Baskakov kind operators.In 2008 Akgin and Daniyal [9]


https://doi.org/10.47831/mjpas.v3i2.72
mailto:alaa.adnan.auad@uoanbar.edu.iq
http://creativecommons.org/licenses/by/4.0/

Salim and Auad, mJpAs, Vol. 4, No. 3, 2026

investigated approximation difficulties in Smirnov-Orlicz spaces using the fractional modulus of smoothness. In
addition, to proving the direct and inverse theorems in these spaces and deriving a constructive description of the
Lipschitz classes of function definite by the modulus of smoothness. In 2017, Rao [13] verified generalized Baskakov
operators and studied their degree of approximation via moduli of continuity, order of estimate for derivatives, and
established a direct theorem using the K-functional and Ditzian-Totik moduli of smoothness. Auad and Khrajan [14]
computed the rate for the greatest trigonometric approximation of unbounded equations of one variable in the weighted
space Lp,a [-m, m] and analyzed the degree of best trigonometric approximation by modulus of smoothness in Xp,«
[-m, m].In 2021, SERDYUK [16] used Besicovitch-Stepanets spaces (BS?) to derive the direct and inverse estimate
theorem. In this work we provide direct and inverse approximation theorem concerning generalized moduli of
smoothness and the optimal estimates of equations. The research of constant accuracy in Jackson-kind inequalities

receives special emphasis. The reader is advised to consult the following references [11,12,19,21,22].

2-Prelinimaries
In this section ,we will mention some important basics related to the subject.
For g € Lg,(X) with norm in weighted space as

lgllep = (J, 19(@)8(a)|P)? < oo, where 6 is weighted function such that 1)
0: [—m, ] — R and its positive function.
The moduli of smoothness of the function g € Ly ,(X) is definite by:

(9. ®)op = 85,0, ¢ >0 )
The grade of best approximation of g € Lg ,(X) by
Em(g)G,p = inf “g - Tm—l”@,p (3)

the space of all trigonometric polynomials which the degree m where T sup space of Ly ,(X).
There are numerous finding on the approximation of function that belong to Lg ,, (X) spaces,
1<p<w
Partical arty, the classical Jackson theorem (direct theorem) [17].

Em(g)e,p < C Qm (g: %)ep , M= 1I2) (4)
and its feeble inverse

c i
Q, (g,%)e'p <= W (+ DY ER(9ep m=12,.. (5)

The averge modulus of smoothness denoted by (g, $)g, ,1<p <

iSTm (9, ®op = 1 (f, d)llg, , We can show that

™m (9, ¢)9,p = O, (f, ¢)9,p (6)
in weighted space

3. Auxiliary Lemmas
In this section, we will discuss several of the lemmas that will be required to prove the main
outcome theorem.
Lemma 3.1[15] Letg € L,(X) ,X € [-m,m]and 1 < p < oo .Then
() Qn (g, ¢)p >0
(i) Q1 (g, )p = O as ¢-0,
s

s
==, ——0, as m — o
m m

(i) Qn (g, AP)p < A"Qp(9,¢)p ,A>0

(iv) Q,, (g + z, ¢)p < Qn (g, ¢)p + Q (2, ¢)p and

(g +2,¢0)p < Tn(9, P)p + Tn(z,¢)p

(V) if ¢y > P2 , 1, P, > 0then Q. (g, P1)p = U (g, $2)p and
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Tn(gr ¢1)p > Tn(gl ¢2)p

(Vi) 709, ) < DTns (957558)

(Vii) T,(g, )p < f(n) d"|| g™ ||p Jif g™ € Lg,(X) , f(n) denotes a constant depending only on
n

(viii) letu, o >0, 1 <p < oo Then
To(g, 1)y < FI™P T, (9, 8),

where = min(1,p), [¢] = min{a > u: @ isan integer} and the constant f depends on n and ¢
only

Lemma 3.2[15] Suppose that P = {p, }n=— and @ = {a,}n-_ are non-negative number
sequences in which

1 <P < o, n € N. There fore, for every function g € Lg, (X)

lgllep < CPgP?llg,p C(P) is positive constant

4. The Main Results
In this section, we present three formulas which of through approximate unbounded functions in
weighted space via moduli of smoothness.

Theorem 4.1 let Y = {{,};m=—_o be a random series of integers in such a way that i,, # 0 and
Il}m [l = 0. I for a function g € Ly, (X) there is a derivative g¥) € Lg ,,(X), consequently the
nl—-oo

following inequality is true:
Em(9op < CEm(g"),, . where C = max ¥,

Proof: According to (2.3) , we possess
: Yng? () Pn
Em(9)op = 1nf{n > 0: f_nn an (lgn—| d(t)) < 1}

P Pn
< inf{n > 0: ffnan (@ d(t)) < 1}
<C Em(glp)e,p

Theorem 4.2 Suppose that P = {p, }m-_ and a = {a, }n=_o are non-negative number sequence
in which 1 <p, <T, n €N and the function g € Lg ,(X). After that for any number g > 0 and
m € N. the following inequality is true:

Em(g)e,p < C(.B)Qm(grm_l)ﬂ,p
Where C = C(p) is a constant independent of g and m

proof: Let {T,,(a)};=, represent aseries of kernels (where T,, (a) is a polynomial of trigonometry
with an order of m or loss). Satisfying to every one m = 1,2, ... the condition:

J© Tw(a) da=1 (7)

[ el |Tp(@lda < CGYm+ 1)~ ,j=012,.. (8)
we can specifically use the well- known Jakson kernels of sufficiently high order in the function of
such kernels, that is
sinpa/2\2M0
Tm(a) = Cq ( sinpa//z )
where n, is an independent integer of m,2n, > j + 2, the inequality is used to get the positive
integer p, m/(2n,) <p < m/(2n,) + 1, and the constant c, is selected in accordance with the
normalizing criterion (7) , it was demonstrated that for any kernel { T,,(a)} sequence meeting
requirements (7) — (8), the next estimatation is accurate:
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f (la] + m™Y)/|T(a)lda < CGIm™, (jm=12,..) ©

first, Iets look at the instance of § € N.set
Pm-1(b) = (D [7 Ty (@ By (—DF(£)g(b —ka)da
Clearly ¢,,—1 (b) is a trigonometric polynomial with an order of less than m. Additionally,

Consider (7)
we have

9b) = o1 () = (1P [ Ty (@) Xhy (—1*(B)g(b — ka)da = (—1)F [* Ty ()2l g(b)da

Therefore, from lemma (3.1) and the definition of the set F, we get
Em(g)e,p < “g - ¢m—1”6,p = || (_1)B f_nn Tm_l(a)Aggda”tqp

1 -
= sup [Snen an tin |5 17 (S Tme1(a) 845 g(b) da)e™Pdb|:p € F
Currently, using the Fubini formula and estimation (3. 1) once more, we discover
Em(@op < [ I Tnea (@ SUp [Snen @n pn |o- 7 A8 g(b)e ™ db|: p € F| da
<27 |- 25 g(v)|, da

27 1Tn-1 (@] Qm(g, lal)gpda (10)
we estimation the integral on the right-hand side of relative (10). Configuring ¢ = m~1, we can
see Qp(g; lal)g, <mP(lal +m™)PQ,(g,m ), .Using (9) and this inequality we obtain

f—n | Tn-1()] (g, lal)epda < <mPQ,(g,m 1)9.p f_n (lal + m™)P|Tpp_1(@)lda <

C(BY (g, m Do
consequently, the theorem is proven in the case of § € N

Theorem 4.3 If g € Ly, (X), therefore for any g > 0, and m € N, the following inequality is
accurate :

tn (05), < (5) 21 (7 = 0= DP)E9De, (1)

m
Proof: Let's adapting if to the unique characteristics of the spaces Lg ,, (X).
Let g € Lo,(X) k€ N° and gy (b) = g(b — kt), where k = 0,1, ... and ¢t € R. Then for any
n € N, we possess gy (n) = g(n)e "k,
873 = (T CDH(H)giedm) = gm) Tie (D¥ (e = (1 —e™)fgn)  (12)
And
) B

sup{[afgm)|} = |l gym)| = 11— e™1F |g(w)] = 2 |sin ™| |g(m)] (13)
Since g € Lg,(X) ,therefore for every € > 0 there be present a number
M, = M,(e) € N, My, > m, such that forany M > M,, we have

Ew(9op = g = Gu-1(9)llap < 27Fe . Let's set go = G, (9). Then

Considering (13), we observe that
By characteristic of symmetric differences

18t all,,, < 14290l + 182 (g = g0l , < 182901, + 27 Euys1(@Dap < 8200l +¢  (14)
Addltlonally, let G,,—1 = G—1(go) represent the fourier sum of g,. Consequently by virtue of
(13) of |t| < m/m, we have

”Atgo” = ”Af(go Gm-1) +A G- 1” ”2ﬁ(go Gm-1) +Z|n|5m—1 |nt|ﬁ|g(n)|en”9
6,p P
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g
< ||2/>’(g0 ~Gn) + (%) Zpnjsmo InlPlgmle”

0,p

F o

=||2f st + (5) Zrsitreo, . (15)
4

Where D,.(b) = D,(g,b) = |g(r)|e™ + |g(-r)le™™, r=12,..

Using the following claim, which has direct proof.

Let {f,};2, and {t,-};=, be any random number sequence. Then, all natural [ have the following
equality, W and

I<SW<M:

KV=I tr/‘;‘ =1 Zy=l f;’ + ZE/:Hl (tr - tr—l) ZQ/I:r fs —tw Zy=w+1 f;“ (16)

puttingt, =78, f. =D, (b),l=1 ,W =m—1and M = M, in (16) we obtain
— -1
Tt rED.(b) = 2,2, Dr(b) + X (rF = (r = 1DF) B2, Do(b) — (m — DF X2, Dy (b)
Therefore,
B _
|28 miew 0.+ (2 T 0,

r=1

B
<(Z) llmf 2Dy + TH5 (rF = (r -

m

8.p
DF) Be& Ds = (m = DF 5,2, Do,

7\P m\f
<(R) 12 O - =DM 2E D, < (7) 2 (F = 0= D)Egs, (07

m

By combining relations (14), (15) and (17) and considering the description of the function g, as
we can see for |t| < m/m. This inequality is true:

T

o], < (2) B 0 = = 1) orep + o

5.CONCLUSION

It was concluded that the degree of best approximation for the unbounded function in the weighted
space is better for approximating functions than the degree of best approximation for the derivative
of the function in the same space. Moreover, the direct theorem for approximating the unbounded
function under the conditions of the module of smoothness was proven, and finally the inverse
theorem for the unbounded function in the weighted space was proven.
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