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1. Introduction

Measure theory is one of the fundamental pillars of modern mathematics and extends to many different branches and
applications in the natural and engineering sciences. Measure theory is an important topic in mathematical analysis. In
1966, Taylor [1] gave introduction to measure and integration. In 1989, Lowen [2] introduced common super category
approach spaces of topological. In 1990, Dalang and Willinger [3] made clear no-arbitrage in stochastic securities
markets models and equivalent martingale measures. In 1994, Baekeland and Lowen [4] explained separability and
Lindelof in approach spaces. In 1997, Lowen [5] found relation between approach spaces and topology-uniformity-
metric. In 2007, Boushra Y. Hussein [6] presented equivalent measure under the process is martingale. In 2010,
Boushra Y. Hussein, AL-Ta. and AL-Mayahi [7] presented equivalent martingale measures on LP —space, and in 2011
Boushra Y. Hussein [8] found equivalent measure which the process is (super/sub) martingale, then in 2020, Boushra Y.
Hussein [9] introduced equivalent measure in ordered Banach algebra with locally Martingale of the deflator process. In
2021 and 2022, Abbas and Hussein [10] presented results on normed approach space and Banach space. In 2022, they
gave results about topological approach vector space [11]. In 2022, Hussein and Abd [12] studied normed approach
space. In 2022, Hussein, Huda and Wshayeh [13] defined on state space of measurable studied symmetric approach
t¥ —Banach algebra with some results. In 2022, Neamah and Hussein [14] presented the results of completion of t*
normed approach space when it's not contained identity.

In this paper we defined convergence almost everywhere by use approach measure structure. Also, we define
convergence by approach measure then we find relationship between them.

This work is consisting four sections: In section 1, we presented to the reader Introduction. In section 2, we presented
the most important definitions and concepts, in section 3 we introduced to new definitions and examples for our
research which approach measure and finite approach measure. In Section 4, we gave some results about the two new
concepts of the convergence.

2. Preliminary
We introduced main definitions related to subject in measure theory.
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Definition 2.1 [15]

Let X be a non-empty set and F be a collection of subsets of X, F is called ¢ —field if:
e NEF.
o If3€F,thenfR¢ €eF.
o IfA, Ay, F,wehave Uy_; A, EF.

A measurable space is a pair (X, F).

Definition 2.2 [15]

If (L2 F) measurable space. A set function gz F —[0, o] is called measure on (€2 F), if:
o u(® =0.
o u(Up=iA4,) = 2o, (uA,), where {A,,} sequence of disjoint sets in F.

A measure space is a triple (2 F, u).

Definition 2.3 [15]
Let (€2 F, u) be a measure space. A property of points £ is said to hold u —almost everywhere if
there exist T € F such that u (T) = 0 which contains every point that the property fails to hold.

Definition 2.4 [15]

Let (X, F, u) be measure space, the sequence {Q,},-, of real valued functions on X is convergent
almost everywhere to real valued function @ on X if there is a set B € X such that @,,(x) » @(x)
foreachx ¢ band b € T € F with u (G) =0.

Definition 2.5 [16]

Let (X, d) be metric space , the sequence {Q,},—; of real valued functions on X is uniformly
convergent to real valued function @ on X if for each e > 0 there exist K > 0 such that |9, (x) —
Q(x) | < e for each x € X, n > K (write Q,, % 9).

Definition 2.6 [16]
Let (X, d) be metric space, the sequence {Q,,},—, of real valued functions on X is bounded if there
exist T > 0such that |Q,(x)| < T foreach x € X.

Definition 2.7 [6]
If X a non-empty set, a function §: X x 2% — [0,0] is a distance on X if every x € X, for all
A € 2% the following conditions are met:

e x€EA=6(x, A) =0.

e ForallBe2X:AcB=6(x, B) <6(x, A).

o Forall A4;,A; € 2%,6(x,A1 U Ay) = min 4.y [6(x, A1), 8(x, Ay)]

e Forall Be2“:6(u,A) <5, B) + supsep 6(s, A).
Rs(x) = {9 € [0,00]%| infrea9(a) < 8(a, A)} is called an approach system, the pair (X, Rs(x))
is called approch space and denoted by app-spaces.

Theorem 2.1 [16]
Every convergent sequence is bounded.

3. Approach measure and finite approach measure
Definition 3.1

If X is a non-empty set and F ¢ —filed. A function ps: F x 2% — [0, 0] is called approach measure
on X (denoted by AM) if the following conditions are met:

o ps(0,8)=0,8 €28
e s(AR) =wifA=RAEFRE2XA=Q.
o s (Upzi1An, 13) =X, us(An, 13) where {A,,} is sequence of disjoint sets in F.
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The triple (R, F, us) is said to be approach measure space and denoted by AMS.

Definition 3.2

Let X be a non-empty set and F be o — filed, if pugs is AM on X, we call pg is finite approach
measure (denote by FAM) if for each A # 3¢ we have us(A,R) # »,A € F, € 2%,

Example 3.1
Let X be a non-empty set and F be a ¢ —filed, a function us: F x 2% — [0, oo] is defined by:

0, A=0
M(S (A’B) = ooi A:'t®

Where A € F,R € 2%, this function g is not finite approach measure.

Sol:

Let X = {a.b,c}, F = 2% and ugs which is defined as above. If we choose A = {a} € F,R = {a,c} €
2% it is clear A # €. By definition of the function (us) we have pg (A, R) = .

So, we get A # ¢ but pg (A, 13) = o, A € F,R € 2%, us is not finite approach measure.

Proposition 3.1
Let (X, F, us) be AMS, if A € R then ug(A, C) < us(R,C), where A,R € F,C € 2%,

Proposition 3.2
Let (N, F,us) be AMS, if B<S A € F then us(A —B,C) = pg(A,C) — us(B,C) where A, BE F,C €
28,

Proposition 3.3
Let (N, F,us) be AMS and {Ar}y-; be increasing sequence of sets of F, then
US(Uﬁo:l Akl E‘) = lirnk—mo I-J-S(Ak' B)' R € 2%,

Proof

Let G, = Ay, G = A; — Ai_,i> 1. Itisclear nX, G; = 9.

UiC1 Gi = A1 U (A2 = A1) U (As = A2) U U (Ak—2 = A1) U (Aket — Ax)

Ui, G = Ay 1)

We conclude UK, G; = UK | Ay.
Let 3 € 2%:

s (U= A, B) = pus (U, ?i'ﬁ)

s (U= A, R) = T, s (G, R) 5

s (URg A, B) = limy oo Xi g 15 (Gi, B8)
15 (Uizy Ak, B) = lim ps (UL Gy R)

By (1) we can get:
ts(Uiq A, B) = Igggg us (Ap,B) m
Proposition 3.4

Let (X, F,us) be AMS and {A.}y-, be decreasing sequence of sets of F, if us is FAM then
us(nile Ak: fg) = limk_,oo }J.S(Ak, fg) where Ak * fgc,fg € ZN
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Proof
Let Cx = Ay — Ay, k =1,2,---. Since {A,}r=, is decreasing sequence, so that A; D A, D A; D -
Therefor C; € C, c C3 < --+, so that {Cy}y~-, is increasing sequence.

Ui=1 Ck =Ug=1 (A1 — Ay)
Uiz Ck = Ay —N2q Ak

Let 2 € 2%, we will choose A, # R°.
ts (U1 Ci, B) = ps(Ar —NiZq Ak, 12)

By Proposition 3.3, we get:

ps(Ug=q C, B) = limy_,oo ps (Cy, 13)
us(Ay —Nig=1 A, B) = klgfg ts (Cy, BB)

ts(Ar —NiZy Ar, B) = lim ps (A — A, B)
By Proposition 3.3, we get:

”5(A17 B) - M(S(nll)(o:l Ak' B) = klirg .ué'(All B) - klirg .ué'(Akl B)
ts (A, B) — s (NiZ1 Ar, R) = us(Ar,B) — lggg;l s (Ax, B) (2)

Since us isFAM and A, # 3¢, k = 1,2, -+, then us(A4, 3) # oo.
So, we can cancel us(A;, ) from both sides on (1), we get:

ps(Ng=1 Ax, 3) = klgglo Us( A, 13) m

4. Convergence of sequences of approach measurable functions in approach measure
In this section we will present the main results.

Definition 4.1
Let (R, Fy,p1s,), (N3, Fy, 1s,) be two AMS. A function Q: (Ry, Fy, s, ) = (Ry, Fy, ps,) is called
approach measurable function if satisfies the following conditions:

e Q(A) e F,foreach A € F,.

o g5, (A B) < us,(9(A),9(B) foreach A € F;, B € 2%,

[ ]
Definition 4.2
Let (X, F,us) be AMS and Q,9Q,,9,,---, be real valued approach measurable functions, the
sequence {Q,};m=, is convergent almost everywhere to @ with respect to approach measure if there
isaset b € F such that Q,,(x) » @(x) foreach x ¢ D and B € T € F with us(T,8) = 0 for each
T # R¢, R € 28

Definition 4.3

Let (X, F,us) be AMS and ©,9,,9,,---, be real valued approach measurable functions, the
sequence {Q,,}n= is convergent to @ in approach measure if for each € > 0

ll;lm,u(g({x EN,|9,(x) — Q)| > 6}, ) =0,

for some 3 € 2X.
We write Q,, = Q in AM.
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Definition 4.4

Let (X,F,us) be AMS and 9,9,,9,,---, be real valued approach measurable functions, the
sequence {Q,,},—, is almost bounded with respect to approach measure if for each e > 0 there exist
T >0 suchthat us({x € X,|9,(x)| > T},R) < e for some R € 2%,

Definition 4.5

Let (X,F,us) be AMS and 9,9,,9,,---, be real valued approach measurable functions, the
sequence {9, };—, is almost uniformly convergent to @ in approach measure if for each € > 0 there
isaset A € F such that pg(A, ) < € for some € 2% and 9, -»" Q on AC.

Theorem 4.1
Let (X, F,ug) be AMS and Q, @,,9,, ... be real valued approach measurable functions on X, if @,
-% Qthen @, - Q in AM.

Proof
Suppose @, =% Q, so that for each € > 0 there exist K > 0 such that |Q,,(x) — @(x)| < e for each x

€ X, n > K, then there is not element inX satisfies |@,(x) — @(x)| < € n > K, there for {x €
X,19.(0) — @) > €}=9,n>K.

us{x € ®,19,(x)| > ¢ },B) =0 for each R € 28, n > K.
lim ps({x € X, |9,(x) — Q)| > €},B) =0 for each R € 2%,
n

Therefor @, - @ in AM m.

Theorem 4.2
Let (X, F,us) be AMS and ©Q, 9,,9Q,, ... be real valued approach measurable functions on X, if
{@,}o; is bounded then {@,}:~, is almost bounded with respect to approach measure.

Proof

Since {Q,};~ is bounded then there exist T > 0 such that [Q,(x)| < T for each x € X.
Sothat {x € X, |9,(x)| > T} = 0.

Hs{Xx ER,|Q,(X)| > T },R) =0 for ezch 3 € 2%

Hs{x ER,|Q,(X)| > T},R) <eforeachfl €28

Therefor {Q,,};, is almost bounded with respect to approach measure m.

Theorem 4.3

Let (X, F,us) be AMS and @, Q,,Q,, ... be real valued approach measurable functions on X, if
{@.}o; is almost bounded with respect to approach measure and @,, —» @ in AM then Q is almost
bounded with respect to approach measure.

Proof
Suppose {@,}-, is almost bounded and @,, - @ in AM
Since {Q,}a=; is almost bounded then for each p > 0, there exist T > 0 such that

Hs{x € X,|9,(X)| > T1},R) <gforsomef§ g 2%

Since @, = @ in AM then:

For each € > 0, lim,, ps({x € X, |9, (x) — Q)| > €}, R) =0 for some R € 2%,
Ife=1, us (X €X,|2x) — Q,(x)| > 1},R) < gforsome R € 2,

Now we must proof ps {x € 8, |9(x)| > T+ 1},8) < p for some &2 € 2%,
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e, IQI>T+1}=EEeX,[QX) - 9® +,x)|>T+1} ©)

Weclaim{xeR,|2x)|>T+1}c{xeX,|2x) — ,X)|>1}u{xeX,|Q,x)|>T}
Letze{xeX,|Qx)| > T+ 1}, by (3) we get:

19(z) = Qn(z) +9n(z)|>T+1
19(2) = On@)| + 90 (z) 219(z) = Qn(z) + Pn(z)| >T+1 (4)

Ifzg{xeN,|9x) — Q,(x)| >1}
We must proofz € {x € X, | Q,(x)| > T}

19(2) — 9,(2)| <1

Then 1+ [Q,(z)| > T + 1 (by (4))

|Qn(2)| >T

There forz e {x € X,| Q,(x)| > T}

Now If z ¢ {x € X,| 9,(x)| > T}

|[Pn(@)| =T

Then [@(x) — @,(X)|[+T > T+ 1 (by (4)

0x) — on(x®)[>1

Thereforz € {x € X,|9(x) — Q,(x)| > 1}
7€ {xENR, QX)) — @I >1}U{xeR,|Q,x)|>T}
SO, we get:

xeX,|2X)|>T+1}c{xer,|2x) — Q,X)|>1}U{xeR,|2,x)|>T}
He{x ER,[Q() > T+1},8) < ps(fx € X, [Qx) — ()| > 1}, R)+ps{x € R, [QX)| > T +
1},R) for some R € 2%

us{x € X, Q)| >T+1},fg)gg+%

Hs{Xx ER,|QX)| > T+ 1},R) < p for some 3 € 2%,
Then @ is almost bounded with respect to approach measure m.

Theorem 4.4

Let (X, F, us) be AMS and Q, Q,,9,, ... be real valued approach measurable functions on X , if pg
is FAM and {Q,};~; is convergent almost everywhere to @ with respect to approach measure then
Q,— Qin AM.

Proof
Suppose {@,}=; is convergent almost everywhere to @ with respect to Approach Measure.
Now we must proof @, - @ in AM.

Lete>0

Define T, = {x € X, [Q,(x) — Q)| > ¢}
Let Uy = Upi Tk

So that:

Upn =Th U Tht1 U Thea V...

-

Un+1 = Th41 U Th42 U Ty V.

-

Un+z = T2 U Thiz U Thez V.
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Thus, we conclude U, 2 U, 2 U,yp O...

Then {L’In};o=1 is decreasing sequence.

The set {x € X : @,,(x) does not converges to Q(x) } which contains the set n,, U,
Since {@,}a=; convergent almost everywhere to @ with respect to Approach Measure.
So us (N, Uy, ) =0 for each 8¢ = N, U, € 2%,

By Proposition 3.7 we get:

ns (N, U, R) =limy e ps( Uy, R) =0 where Ay # R¢, R € 28

Since T, € U2, Tk, then T, € U,

We get lim,, pg( Ty, R) < lim, ps( Uy, R) by Proposition 3.1.

So, we get lim, ps({x € &,|9,(x) — Q(x)| > €},R) =0 for some & € 2%

Then we have proven @, - @ in AM m.

Theorem 4.5

Let (X, F,ug) be AMS and Q, @,,9,, ... be real valued approach measurable functions on X, if the
sequence @, — @ in AM, then there is a sub sequence of {@,}-,that convergent to @ almost
everywhere with respect to Approach Measure.

Proof
Suppose @, - Q@ in AM
So that for each € > 0 we have:

lim, ps({x € &,19,(x) — Q)| > €},R) =0 for some & € 2¥
us({x € X, |9, () — )| >1},R8) S%for some 3 € 2%
us({x EN: |Qn2(x) — Q(x)l >%},f§.) < - for some 3 € 2%

1

4

1 1

us({x EN: |Qn3(x) — Q(x)| > 5},8) sgforsomeﬁ € 2%

Until we arrive:

us({x EX: [0, () — )| > %},@) < - for some £ € 2, k=12,... (5)

Let N,= {x EN: |an(x) — Q(x)| > %}

Lety ¢ NiL; Ujej N

Theny & Ui Nk

Therefor [0, (y) — ()| > % k=j, j+1, j+2, ...

So {an}:;l convergesto © ateachy & NiL; Ugs; Nk

Now we must proof pg (NiL; Uy Nk »8) = 0 where Ny U Ny # €
Let R € 2%

We will expect NiL; Ugzj Ny = R€

To avoid values that make ps (NiL; Ugs; N , ) = 0

Since ps (Ugzj Nic 8) < Xz ks (Ni,B)

Ms (Ui Nie ) < Zlc:;jzik

1

. o 1 7 1
Since Y- = 12—_Jl ===
2
o 1
Then pg (UxZiNie B) < ==

2J=
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There for s (Ug=; Nk ,18) = 0 when j converges to «

s (Nj=1 Uiz Nk »88) = 0 where Nj_; Uy Ny # B€

So {an}il is a sub sequence of {Q,};~, that convergent to @ almost everywhere with respect to
approach measure m.

Theorem 4.6

Let (X, F, us) be AMS and Q, Q,,9,, ... be real valued approach measurable on X if ugs is FAM and
each subsequence of {@,};-; has a subsequence that converges to @ almost everywhere with
respect to approach measure then @, - @ in AM.

Proof

Suppose each subsequence of {@,};-,; has a subsequence that converges to @ almost everywhere
with respect to approach measure.

We must proof @, - @ in AM.

Suppose @, is not convergence to @ in AM.

So there exist € > 0 such that lim, ps({x € X, |9,(x) — @(x)| > €},R) =k > 0 foreach R € 2~
We can choose sub sequence {an}k such that:

lim, ps({x € X,|Q,,(x) — @x)| > €},B) =k > 0 for each B € 2}

Let {anl_}j subsequence of {an}k.

Then {anl_}_ converges to @ almost everywhere with respect to approach measure (by hypothesis).
]

Therefor there exist B € F such that anj(x) - Q (x) foreach x ¢ D.

And us({xe X, anj(x)— Q(x)| >e},f$):0foreach {xe N, an]_(x)— Q(x)| >e}¢f$c

But by lim, ps({x € X,|Q,,(x) — Q)| > €},B) =k > 0foreach & € 2%,
This is a contradiction. Then @, - @ in AM.

Theorem 4.7
Let (X, F,us) be AMS and @Q, Q,,9,, ... be real valued approach measurable functions on X, if the
sequence {@,}3-, is almost uniformly convergent to @ in approach measure, then @, - @ in AM.

Proof

Suppose {@,}-; is almost uniformly convergent to @ in approach measure.

For each € > O there isaset A € F such that pg (A,R) < e forsome € 2% and @, -»* Q@ on AC.
So that there exist K > 0 such that |9,,(x) — @(x)| < p for each x € A, n>K, p > 0.

{xex,[0,(x)— QX[ > p}cA
Hs({x € X, 19,(x) — Q(x)| > p }L,R) < us (A,R) < e for some R € 2¥
lim, ps({x € X,|9,(x) — Qx)| > p},R) =0 for some R € 2%

Therefor @, -» @ in AM m.

Theorem 4.8

Let (X, F,ug) be AMS and Q, @,,9,, ... be real valued approach measurable functions on X, if the
sequence {@,}=, is almost uniformly convergent to @ in approach measure then @, — @ almost
everywhere with respect to approach measure.

Proof
Suppose {@,}=, isalmost uniformly convergent to @ in approach measure.
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For each positive integer number n.
LetA, €F

Put A, with ps (A, ,R) < 2forsome 8 € 2%and 9, ->* Q@ onA,°
Let G=U2, A"
Since @, »* @ on A,“ then @, »* Q on G.

us (GC,R) = ugs (N, A, ) for some R € 2%
us (G¢,B) < ps (An ,B) < X for some B € 2%
s (G¢,R) =0 as n— oo for some 2 € 2%

Therefor @,, - @ almost everywhere with respect to approach measurem.

5. Conclusions

This research is to create a new structure for the concept of measurement that differs from classical
measurement and new concepts which convergence of sequence almost everywhere with respect to
approach measure, convergence in approach measure, convergence almost uniformly with respect
to approach measure, classical uniform convergence. the results were:

Every sequence which uniform convergence is convergence in AM.

Sequence of real valued approach measurable functions which is almost bounded with
respect to approach measure and convergence to approach measurable function, this
function is also almost bounded with respect to approach measure.

Every sequence which convergence almost everywhere with respect to approach measure
and approach measure is finite, this sequence is convergence in AM.

Every sequence which convergence in AM has a sub sequence that convergence almost
everywhere with respect to approach measure.

Every sequence which almost uniformly convergence in approach measure is convergence
in AM.

Every sequence which almost uniformly convergence in approach measure is convergence
almost everywhere with respect to approach measure.
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